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Cuy i
Quy tac cong

Vidul

C6 2 loai phuong tién d€ sinh vién di hoc: phuong tién ca nhdn hodc phuong tién céng
céng

Phuong tién cd nhan: xe dap, xe may, xe hoi,

Phuong tién céng cdng: bus, taxi, xe 6m, xich 10,

Cé bao nhiéu cich sinh vién cé thé di hoc? (sv chi chon mét trong céc loai trén, khéng
di b hodc bé chd).

1

Cé 3 cach di bang phuong tién ca nhan va 4 cich di bang phuong tién cdng cong. SAMI
C6 3+ 4 =T céch.
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Sl o
Quy tac cong

Vi du 2

C6 3 loai Iira chon mua ban &n: ban gb, ban sit hodc ban inox.
Ban g8: ¢6 3 kiéu,

Ban sit c6 6 kiéu,

Ban inox c6 4 kiéu,

Cé bao nhiéu cdch mua 1 ban an.

1

SAMI
C63+6+4 =13 cach.
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Cuy i
Quy tac cong

Chayl1.1

<\

Ma&t cbng viéc cé thé chia 1am k trudng hop:
@ trudng hop thit nhit cé n1 cich gidi quyét,
@ trudng hop thit 2 c6 ny cich gidi quyét,
o ...
@ trudng hop thit k cb ny cach giai quyét.

Khi d6 cé n1 + no + ... 4+ ng cach giai quyét cdng viéc trén.

TH 1

——n, cach

TH 2 .

e N cach

" 2
cong

ik.. N cach “
SAMI

1956
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SERte NGl Quy tic nhan

Quy tac nhan
Vidu 3

Dé bay tir Ha Noi téi London phai qua tram dirng chan tai Hong Kong. C6 2 hang hang
khéng phuc vu bay tir Ha N6i téi Hong Kong (Vietnam airline, Pacific Airline) va cé 4
hang hang khéng phuc vu bay tir Hong Kong téi London (Air Hong Kong Limited,
Cathay Pacific Airways, CR Airways, Hong Kong Airlines).

Héi c6 bao nhiéu cich bay tir Hi Néi dén London qua tram dimg chdn Hong Kong?

1 3

4
Hongkong . London ‘

\h//
6

Hanoi

D& di theo cach nay ta chia lam 2 budc thuc hién:

Budc 1: HN = HK: c6 2 cach chon, & |
Budc 2: HK = LD: cé 4 cach chon, SAMI
S6 cach di 13: 2.4 = 8
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SERte NGl Quy tic nhan
Quy tac nhan
Vidu 4

M@t ngudi cé 5 cdi 40,4 cdi quan va 2 dbi gidy. Héi ngusi dé ¢ bao nhiéu cdch mic d6
(gébm 1 3o, 1 quan va 1 déi giay)

Cdng viéc chia lam 3 budc:

Budc 1: chon 1 d0: ¢ 5 céch,

Budc 2: chon 1 quan: cé 4 céch, “
Blu'(')'c 3: chon 1 doéi giay: c6 2 cach, SAMI
S6 cich mic do6: 5.4.2 = 40 cach.
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Sl o
Quy tac nhan

Chh y 1.2

Mot cong viéc dugc chia lam k giai doan:
@ giai doan tht nhit c6 n, cich gidi quyét,
@ giai doan thit 2 c6 no cach gidi quyét,
o ...
@ giai doan thd k c6 ny cach gidi quyét.

Khi d6 cé n1 X na... X ng cach gidi quyét cong viéc trén.

N5 cac
Gia1 doan 3

Giai doan 1 Giai doan?2 Giai doan4

S0 cach thye hién cong vige ¢o6 4 giai doan: N, .N, .N, .N, “
SAMI
Xée subt théng ke Ha Noi, thing 8 nam 2018 8 / 74

SERte NGl Quy tic nhan
7
Vi du

Cé bao nhiéu cach di tir A1 dén A3

Di tir Al dén A3 c6 2 trudng hop:

@ Di truc tiép tir Al dén A3: 6 2 cach
@ Di gian tiép tir Al dén A3 thong qua A2: c63.2 =6
Téng sb cach di tir Al dén A3: 2 + 6 = 8.

1

SAMI

1956
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i B i
Cau hoi trac nghiém

C6 4 cita hang canh nhau. C6 4 khach dén, mbi khach chon ngiu nhién 1 cira
hang dé vao.

@ s6 trudng hop chon clra hang 13: A. 1 B. 4 C. 24 D. 256
Dép an: 1D

© Sb6 trudng hop chon cita hang sao cho mdi cira hang cé ding 1 khich vao
A1 B. 4 C.24 D. 256

Dap an: 2C
4
SAMI
1956
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a8 7 5\
Giai tich két hop
Ta c6 mét tap hop gdm n phan tk, tir n phan td ndy ta sé chon ra k phan ti. Tuy vao

diéu kién chon cic phan ti nhu thé ndo (c6 thir tu, cé lap) thi sb6 cach chon k phan ti
cling c6 su khac nhau.

Mot tap ¢6 n phan tir

Can lay ra k phan ti

Chinh hop lap

Chinh hop I3p chap k cta n phan ti 13 sé cich chon k phan ti sao cho:
@ C6 thi tu
@ C6 thé I3p lai

Ky hiéu: A~.

Cong thdc tinh:

AF =n”. (1.1)
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SETRte WGt Gidi tich két hop

Giai tich két hop
Chinh hop lap

Vidu b5

T 5 chirsb 1,2,3,4,5 13p duoc bao nhiéu sb cé 3 chit sb?

Giai:
Chon 3 chit sb tir 5 chit s& cé thit tu v c6 thé I3p lai.
S6 céc sb6 c6 3 chir sb6 dugc 1ap nén la: A2 = 5% = 125.

Vidu 6

Xép 5 cubn séch khdc nhau cho vao 3 ngan. Héi c6 bao nhiéu cich phan phdi sich
trong 3 ngan? (méi ngdn cé bao nhiéu sich, loai sich gi)

Giai:

M3i quyén sich cé 3 cich cho vio ngin.
Cé 5 quyén séch.

Vay sb cach xép la: Aj = 3° = 243.

Lé Xuan Ly Xac subt thbng ké Ha Noi, thang 8 nam 2018

SETRte NGt Gidi tich két hop

Giai tich két hop
Chinh hgp

Chinh hgp

Chinh hop chap k clia n phan tir (k < n) 13 sb cach chon k phan ti sao cho:
@ Cé thir ty
@ Khéng thé I3p lai

Ky hiéu: A~

l

SAMI

1956
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(1.2)

Vidu7

Mot budi hop gé‘\m 10 ngudi tham du, hdi cé m5y cdch chon 1 chi toa va 1 thu ky?

Giai:
Chon 2 ngudi trong 10 ngudi cé thi tu va khong lap lai.
S6 cach chon 13 A3 = 10.9 = 90 (cach).

Lé Xuan Ly Xac subt théng ké Ha N&i, thang 8 nam 2018
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Giai tich két hop

Hoan vi

Hoan vi
@ Hoéan vi clia n phan ti 13 sb cich sip xép n phan ti d3 cho theo mdt thd tu nhit
dinh.
@ Ky hiéu: P,.
@ Hodn vi 1a mét trudng hgp dic biét cha chinh hgp khi &k =n (P, = A}).
@ Cong thirc tinh

P, =n!| (1.3)

o

1

SAMI

1956
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Giai tich k&t hap
Hoan vi
Vi du 8

C6 6 ngudi khich can x&p vao 6 ghé trén mét ban tron 6 chd.
a. Néu cé quan tdm dén khung canh xung quanh, héi cé bao nhiéu cich sap xép?
b. Néu chi quan tdm dén ngudi ngdi xung quanh |a ai thi sé c6 bao nhiéu cich?

Giai:
a. Ps = 6! = 720 (cach).
b. Ps = 5! = 120 (céch).

el

SAMI

1956
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SETRte WGt Gidi tich két hop

Giai tich két hop
T6 hop

T6 hop

T8 hop chap k cta n phan ti (k < n) 13 sb cach chon k phan ti sao cho:
@ Khéng cé thir tu
@ Khong thé lap lai
Ky hiéu: C¥,
AF n! nn—1)...(n—k+1)
ck=2n_ = : 1.4
Tk T El(n—k) k! (1.4)

Cha y 1.3

@ QuiudcO! =1;
@ Ck=Cr ",

@ Ch=Ch1+Cr_y.

v

1956
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SETRte WG Gidi tich két hop

Giai tich két hop
T6 hop

Vidu9

M3i dé thi gdm 3 cau hdi I3y trong 25 ciu hdi cho trudc. Hai c6 thé lap dusc bao nhiéu
dé thi c6 n6i dung khac nhau?

Giai:

Ve N ? 2 -24-2
S6 dé thi cé thé 1ap nén la: Ca5 = % — 2300.
Vi du 10

Khai trién nhi thic Newton

(@+b)" => Cra" "b" =Cna™ + Cpa" b+ -+ C lab™ ! + Cb",
k=0

trong dé a,b € R van € N*.

v

SAMI

1956
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Giai tich két hgp - TONG KET

chinh hop lap ]

Mot tap ¢6 n phan tir

= k:n s ]
chinh hop ]-— hoan vi ]

Can 1ay ra k phan tir

knong 18p iz
SAMI
Xac suit théng ké Ha N&i, thang 8 nim 2018 18 / 74
Cau hoi trac nghiém
I1l. M6t nhém hoc sinh gdm 7 nam va 3 nit. GV can chon 5 em.
@ S6 cich chon 5 em tuy ¥
A. 2520 B. 252 C. 60 D. 30240
Dép 4n: 1B
@ Sb cich chon 5 em ¢6 it nhit 1 nit va 3 nam
A. 105 B. 11025 C. 630 D. 210
Dap an: 2D
IV. M6t ban dai c6 10 ghé va cé 10 hoc sinh(cé ban An va Binh).
@ S6 cach xép 10 hoc sinh tiy y vao ban dé Ia:
A. 14400 B. 3628800 C. 100 D. 125470
Dap an: 1B
@ Sb cach xép 10 hoc sinh ngdi vao ban dé dé An va Binh ngdi canh nhau I3:
A. 362880 B. 80640 C. 725760 D. 40320
Dap an: 2C
Xac suit théng ké Ha N&i, thang 8 nim 2018 19 / 74



A A T
7 ? N\ AN
Phép thu va su kién

Dinh nghia 2.1

Viéc thuc hién mét nhém céc didu kién co ban dé quan sat mdt hién tugng nao dé dugc
goi la mot phép thur.

K&t cuc: 13 mét két qud ma ta khdng chia nhd hon dugc. Khéng gian miu: tap gom tit
ca cic k&t cuc c6 thé xay ra. Ky hiéu: Q

Su kién: 13 mot tap con clia khéng gian miu.

Don gian hon: két qud ma ta quan tam 13 su kién.

Su kién dugc ky hiéu b5ng chirin: A, B, C, ...

Vi du 11
Phép thu
@ Kh3o sat thoi diém ngd diy budi sidng. Ngdy hém nay minh cé ngti diy mudn
khéng?

@ Sdng nay budc ra khoi nha. Xét xem budc chan trdi hay chdn phai ra trudc.

@ Quan sit thoi tiét ngdy hém nay. Ngdy hém nay cé mua hay khéng?

@ Mua x8 sb Vietlott. H6m nay c6 triing x6 sb Vietlott khéng?

v
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A Gl G
7 ? N\ AN
Phép thu va su kién

Nhu viy su kién chi cé thé x3y ra néu ta thuc hién phép thd.

Su kién so clp : LA su kién khéng thé phan tich dugc nita

Su kién chac chan : La su kién ludn xay ra trong phép thir, ky hiéu 13 Q

Su kién khong thé : L3 su kién khdng bao gi¢ xay ra khi thuc hién phép thi. Ky hiéu

la (.
Su kién ngiu nhién : L3 su kién c6 thé x3y ra ciing c¢6 thé khéng x3y ra khi thuc hién
phép thu.

Phép thir ngdu nhién : Phép thir ma cac két qud cla nd 13 cic su kién nglu nhién.
Dé thudn tién, cic su kién thudng dugc ky hiéu bi“mg chitin: A,B,C, ...

Vi du 12

Gieo mét con xiic x3c, khi dé

@ Q= “Gieo dugc mit c6 s chdm < 6 va > 1 " 13 su kién ch3c chin;

@ (= “Gieo dugc mit 7 chdm” I3 su kién khéng thé;

@ A = “Gieo dugc mat chin” 13 su kién ngiu nhién.
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A A T
7 ? N\ AN
Phép thu va su kién

Vi du 13

Xét mét gia dinh c6 2 con. Goi:
@ A: ‘gia dinh ¢6 1 trai va 1 gai”
@ B: "gia dinh c¢6 2 con"
@ C: "gia dinh ¢6 3 con”

Su kién nao 13 su kién chic chin, sk khéng xdy ra, su kién nggu nhién?

4
Vi du 14
Hép c6 8 vién bi trong dé c6 6 bi xanh va 2 bi dé. L3y ngu nhién ra 3 bi xem mau. Goi:
@ A: “l3y duoc 3 bi xanh”
@ B: "ldy duoc 3 bi mau dé"
@ C: "ldy duoc 3 bi"
Su kién nao 13 su kién chic chin, sk khéng x3y ra, su kién ngdu nhién?
v
Xac suit théng ké Ha N&i, thang 8 nim 2018 23 / 74

Pal ? V4 aANA
Quan hé cua cac su kién
Giad st A va B 1a hai su kién trong cuing mot phép tha.

Quan hé kéo theo

Su kién A dugc goi la kéo theo su kién B, ky hiéu A C B (hodc A = B), néu A x3y ra
thi B xay ra.

Quan hé tuong duong

Su kién A dugc goi la tuong ducng véi su kién B, ky hiéu A < B (hodc A = B), néu
A= BvaB= A

L& Xuan Ly Xéc subt thbng ké Ha Nbi, thang 8 nim 2018 24 | 74




Su kién va céc phép todn Quan hé va phép todn clia cic su kién

Vi du 15
@ Sinh vién mua mét t& vé sb. Goi:
A: "sv ¢ vé so triing giai dic biét”
B: "sv cé vé sb tring giai"
@ A= BhayB= A

@ ding biéu dé Ven dé minh hoa

Vi du 16

@ Tung mét con xic xdc 1 1an. Goi:
A: “xiic x3c ra mdt cé s6 chdm chin”
B: "xiic xic ra mit cé sb chdm 2 hodc 4"
C: "xtic xic ra mit c6 sb chdm 2, 4, 6"

D: "xtc x3c ra m3t cé s6 chdm nhé hon 4"
@ A= BhayB= A
@ A=ChayC= A
@ A= D hayD = A

v

P
1956
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Su kién va céc phép todn Quan hé va phép todn clia cic su kién

Su kién tdng

Su kién C' dugc goi la téng cha 2 su kién A va B, ky hiéu la C = A+ B, néu C xay ra
khi va chi khi it nhAt mét trong 2 su kién A va B xay ra.

A+B

Vi du 17

Hai ngudi tho sin ciing bin mét con thd. Néu goi A 13 su kién ngudi thit nhdt bin tring
con thd va B la su kién nguoi tha 2 bin tring con thd, khi dé C = A+ B 1a su kién
con thd bi ban triing.

sl
1956
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Su kién va céc phép todn Quan hé va phép todn clia cic su kién

Quan hé va phép toan cua cac su kién

Cha y 2.1

@ A+ As+ .-+ A, 13 su kién xay ra khi cé it nhit mét trong n su kién dé xdy ra
@ Moi su kién ngiu nhién déu c6 thé bidu dién dudi dang téng cha mdt sb su kién so
cap nao dé.

@ Su kién chic chin Q 13 t8ng cla moi su kién so cAp cé thé. Do dé Q con dudc goi
la khong gian cac su kién so cap.

Vi du 18

Tung mét con xtc x3c. Ta c6 6 su kién so cip A; (i =1,6), trong dé A; la su kién xuat
hién mat i cham:=1,2,...,6.

@ A= “Xult hién mit cé sb chdm ch8n”, ta suy ra A = Ay + Ay + Ag
@ B = “Xult hién mit c6 sb chim khéng vuot qua 3", ta suy ra B = A1 + A + As.

v

S>AMI

1956
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S e e
Quan hé va phép toan cua cac su kién

Sy kién tich

@ Su kién C dugc goi la tich cla 2 su kién A va B, ky hiéu C = A.B (hoic AB),
néu C xay ra khi va chi khi cd A va B cling x3dy ra.

@ Tich cia n su kién A;1.A5... A, 13 su kién xdy ra khi cd n su kién cling xay ra.

AB

Vi du 19

Hai ngudi thg san cung bin mét con tha. Néu goi A 1a su kién ngudi tha nhat bin truot
con tha va B la su kién ngudi thar 2 b3n truot con thd, khi dé6 C = A.B 13 su kién con
thi khéng bi ban tring.
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QiR UelbRepleoenlcielcs estiies
Quan hé va phép toan cua cac su kién

Su kién d6i lap

Su kién dbi lap véi su kién A, ky hiéu 13 A, 13 su kién x3y ra khi A khdng xay ra. Ta cé J

|

Vi du 20
Gieo mét con xiic xdc mot 1an, khi dé

@ A = “Gieo dugc mit chdn” suy ra A= “Gieo dugc mit 1"

@ A = “Gieo duoc mit 1 chdm” suy ra A= “Gieo khéng duoc mst 1 chim”

L& Xuan Ly Xéc subt théng ké Ha Nbi, thang 8 nim 2018 29 / 74

S e e
Quan hé va phép toan cua cac su kién

Sy kién hiéu

Hiéu cta 2 su kién A va B, ky hiéu la A — B, |a su kién xdy ra khi va chi khi A xay ra
nhung B khong xay ra.
Trudng hop hay sir dung su kién hiéu:

S NN
I
N

0 —
0 —

N

Truong hgp t(’gng quét: ta bién d8i thanh su kién tich nhu sau: A — B = A.B.

SAMI

1956
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QiR UelbRepleoenlcielcs estiies
Quan hé va phép toan cua cac su kién

Hai su kién xung khic

Hai su kién A va B duoc goi |3 xung khic véi nhau néu chiing khéng dong thdi x3y ra
trong mot phép thir. A va B xung khic < A.B = 0.

AB=¢

Vi du 21

Mbt xa thi bin 1 vién dan vao bia. Goi A 13 su kién xa thi dé ban tring vong 8 va B 13
su kién xa tha dé bdn tring vong 10. Khi dé ta thdy ngay AB = () tiic 1a A, B 13 2 su
kién xung kh3c véi nhau.

L& Xuan Ly Xéc subt théng ké Ha Nbi, thang 8 n3m 2018 31/ 74

S e e
Quan hé va phép toan cua cac su kién

Céc tinh chit

@ Giao hoan
A+B=B+ A A.B=B.A

@ K&t hop
A+B+C=(A+B)+C=A+(B+C)

A.B.C = (A.B).C = A.(B.C)
@ Phan phdi ctia phép céng va phép nhan
A(B+C)=A.B+ AC
@ Daic biét
A+ A=A AA=A

A+Q=0Q AQ=A
A+DP=A AD=0

SAMI

1956
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Quan he va phép todn ciia céc sy kitn
< PN
Trac nghiém

I. Mién dudc t6 mau & hinh duéi dudc biéu dién béi:

SAMI

1956
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Quan he va phép todn ciia céc sy kitn
< “A
Trac nghiém

. Gieo mét con xiic xac ly tuéng.

"s6 chdm xuAt hién 13 18"

"s6 chdm xuit hién 13 16n hon hoic bing 4"
"s6 chdm xuAt hién nhiéu nhit 13 2"

© Su kién A Ia:
A {} B. { 1;3;5} C. {13} D. { 2;4,6}
@ Su kién A.B la:
A. {57} B. { 5,6} C. {5} D. {1;3;5;6}
© Sukién B+ C la:
A{®} B. { 1,4,5;6} C. {156} D. {1,;2;5;6}

0w e

1

SAMI

1956
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< PN
Trac nghiém

I1l. C6 3 sv A, B, C cung thi mon XSTK.
Goi A;: "cé i sv thi qua mon XSTK", i =0,1,2, 3.

© Goi B: "sinh vién B thi qua mdn XSTK". Su kién A,.B la:
A. sv B thi hdng B. chi cé sv B thi d6
C. c6 2 sv thi dd D. chi c6 sv B thi héng
@ Su kién Ay.B la:
A. sv B thi hong B. sv A hosc C thi d6
C. ¢ 2 sv thi db D. sv A va C thi d6

© Chon dap an ding:
A. Ag.B C A,.B B. A1.B C Ay
C. 40.B= A.B D. As.B C As
Q Goi H: "c6 mét sinh vién thi hdng". K&t qua nao DUNG
A. A1 Ay As =H B. A, =H
C. A_l.AQ.A3 CcC H D. A_2A3 CH

Lé Xuan Ly Xac subt thbng ké Ha N&i, thang 8 nam 2018

s okl o i ay L
Xac suat cua mot su kién

Dinh nghia 3.1

X&c subt cia mdt su kién 13 mét sé ndm giita 0 va 1, sb nay do ludng kha ning xuAt hién
cha su kién d6 khi phép thir dugc thuc hién. Ky hiéu xac suat cia su kién A la P(A).

Mot s6 tinh chat cd ban
@ 0<P(A) <1,
@ P(Q)=1; P(0)=0;
@ P(A)+P(A)=1.

Lé Xuan Ly Ha Néi, thang 8 nam 2018

o
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D it e rk B o G
Dinh nghia xac suat theo c6 dién

Dinh nghia 3.2

Xét mot phép thir c6 hitu han két cuc c6 thé xay ra (c6 ng két cuc), dong thai cac két
cuc nay la dong kha nang xuat hién; trong dé c6 na két qua thuan Igi cho su kién A.
Khi dé:

P(A) = na _ S8 két cuc thuan lgi cho A (3.1)
na Sé Kkét cuc cb thé Xay ra ' ’

Vi du 22

Mét ngudi goi dién thoai nhung lai quén 2 chit sb cudi cta sb dién thoai cin goi ma chi
nhé 1a 2 chitr s6 dé khac nhau. Tim xac suat dé ngudi dé chon ngau nhién 1 s6 dé goi thi
tring s6 can goi.

Giai:
e Goi A: “Ngudi dé chon ngau nhién 1 so goi thi tring s6 can goi'.
nA 1
e P(A) = — = —.
no 90
v
ISSE“
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D1 i ik dio o I
Dinh nghia xac suat theo c6 dién

Vi du 23

Ti bd bai talokho 52 cy d3 tron ky rit ngdu nhién ra 2 cdy. Tinh x4c sult x3y ra cic
su kién sau:

O A: "2 cay rat ra déu 13 At”;
© B:“2 cay riit ra c6 1 cay At, 1 cay K;

© C: "2 cay rdt ra c6 it nhit 1 cay At"

Giai:
S& két cuc 13y 2 cay bai: ng = C2, = 1326.
nA CZ 1
P(A)= 2 =22 —
o ( ) no no 221
np Ci.Ch 8
P(B)= = = = .
2 (B) neo neo 663
© Ta c6 C = "2 cay déu khdng phai 13 At".
— iz 188 33
P(C)=1-— —1l-—==1-—=—
(©) p(C) 2, 221 ~ 221

v
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< PN
Trac nghiém

@ Tung 2 Ian lién tiép mdt dong xu (kha ning ra sip va nglia nhu nhau). Xac suit
cad 2 1an déu xuat hién mat sap la:

A0 B.1/4 C1/2 D.1

@ Trong hép c6 10 vién bi cling kich ¢ (6 tring 4 den). L4y ng3u nhién 2 vién bi.
X&c sult ca 2 bi mau tring la:
A.1/5 B.1/3 C.1/2 D.1

© Trong hép c6 10 vién bi cling kich ¢ (6 tring 4 den). L4y ng3u nhién 2 vién bi.
Xac sult c6 1 bi tring va 1 bi den [a:
A.1/45  B.10/45  C.24/45  D.1

u
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Dinh nghia xéc sult theo quan diém hinh hoc
Dinh nghia xac suat theo quan diém hinh hoc

Dinh nghia 3.3

Gia st tap hop vé han céc két cuc ddng kha ning clia mét phép thir c6 thé biéu thi bdi
mdt mién hinh hoc Q cé dé do (dd dai, dién tich, thé tich, ...) hitu han khac 0, con tap
c4c két cuc thuin Igi cho su kién A 13 mdt mién A. Khi dé xac subt cla su kién A duoc
xac dinh bai:

P(A)_Dédocﬁa miénA_@ (3.2)
Db do ctia mién Q 12| -

- LAY k w N yd ~ \ '/3 - yd Ie - \ ;\ AY 'I(? Y
Khai niém déng kha ning trén  c6 nghia I3 diém gieo c6 thé roi vao bat ky diém nao
A < - Y N 'I\\ Y yd "N /" N 'I\\ ;\
chia 2 va xac suat dé né roi vao mot mién con nao dé cha 2 ti I€ v6i d6 do clia mién ay.

)

NEJoiNwiN- gl

ANwammw@

o

8= SAMI

1956
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(IR TR UER R Dinh nghia x4c suit theo quan diém hinh hoc

Dinh nghia xac suit theo quan diém hinh hoc

Vi du 24

Dudng day dién thoai ngém ndi mot téng dai véi mét tram dai 1km. Tinh xac suit dé
day dat cach tong dai khong qua 100m.

A C 1000m B

100m

Giai

RG rang néu day dc“\mg chit thi kha nang bi ddt tai mot diém bit ky trén day 1a nhu
nhau, nén tap hop cac két qua cé thé x3y ra c6 thé biéu thi bing doan thing nbi tong
dai véi tram dai 1km. Con su kién A := “Day bi dit cach téng dai khong qua 100m”
dugc biéu thi b??mg do dai 100m. Khi dé ta c6

100
(A) = 1000 =0.1.

.
o

1956
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(I MNP IR IEIM Dinh nghia xac suit theo tan suit (theo théng ké)

Dinh nghia xac suat theo tan suat (theo thong ké)

Do tinh déng kha nang |3 rAt khé cé dugc trong thuc t&, nén cAn cé mdt cich khic dé
xac dinh xac suat clia mot su kién.
Dinh nghia 3.4

Gia st mdt phép thir c6 thé thuc hién I3p lai nhiéu I3n trong nhiing diéu kién gibng
nhau. Néu trong n 1an thuc hién phép thi trén cé m |an xuat hién su kién A, khi dé ti 1€
m oS Al A Br MDA » R 2 »
fn(A) = — dugc goi la tin suat xuat hién cla su kién A trong n phép thd.
n

Cho sb phép thir ting 1&n vd han:

P(A) = lim fo(A) = lim =,

n— oo n—oco N

? 7,

Thuc t& | P(A) ~ — | véi n da 16n.

s 13

y
l
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(I MNP IR IEIM Dinh nghia xac sult theo tan sult (theo théng ké)

Dinh nghia xac suat theo tan suat (theo thong ké)

Vi du 25

D& xac dinh xac sut clia mdt ngudi dan dng 25 tudi s& bj chét trong vong 1 n3m sip
t6i, ngudi ta theo d&i 100000 nam thanh nién 25 tudi va thiy ring cé 138 ngudi chét.
V3y xac suit can tim x4p xi bang:

138
100000

= 0.00138.

Cha y 3.1

Dinh nghia nay chi ding dugc cho cac phép thir ngdu nhién cé thé 13p lai nhiéu 13n mét
cach déc 1ap trong cic diéu kién gidng nhau. Ngodi ra dé xac dinh mét cach tuong dbi
chinh x3c gia tri cla x4c suit ta phai tién hanh mot sb da I6n cic phép thi, ma viéc nay
déi khi khéng thé thuc hién ducc do han ché v& thdi gian va kinh phi. |
Ly
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YRR R T RN B IRVl Cong thitc cdng xac sult

Coéng thirc cong xac suat

@ Cong thdc cong xac suat: Néu A va B 13 hai su kién b4t ky thi ta c6

P(A+ B) = P(A) + P(B) — P(AB). (4.3)

@ N&u A va B 13 hai su kién xung khic thi

P(A+ B) = P(A) + P(B)] (4.4)

1
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Mét sb coéng thic tinh xac sut

Céng thiic cong xac subt

Coéng thic cong xac suat

@ Céng thic cong xac suit tdng quat: Cho n su kién bt ky {A;}, i=1,n. Khi
dé ta cé

P(iA7’> :ZP(Ai)_ZP(AiAj)+ Z P(AiAjAk)—..._|_

()" 'pP (H Ai> . (4.5)

@ Trudng hop dic bigt: Khi cic su kién A;, i = 1, n xung khic ting ddi, tic 13
A;A; =D Vi # j thi ta cé

PAi+Ax+---4+A,)=P(A1)+ P(A2)+---+ P(A,). (4.6)

u
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YRR R T RN B IRVl Cong thitc cdng xac sult

Coéng thirc cong xac suat

Vi du 26

Mat 16 hang gdm 10 san pham, trong dé c6 2 ph& phim. Ly ngiu nhién ddng thai tir 16

hang ra 6 san pham. Tim xac suit dé cé khéng qua 1 phé& pham trong 6 san phim duoc
|4y ra.

1
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VIR RN RN R CITE 1M Cong thiic cong xac subt

Coéng thic cong xac suat

Bai lam
Goi
@ A: "khéng c6 phé& pham trong sin pham”
@ B: “cé ding 1 ph& pham trong san phim”
@ C: “c6 khéng qué 1 phé& pham trong san phim”
D& dang thiy A va B 13 2 su kién xung khic va C = A + B. Ngoai ra

C$ 2 C3Cs 8
P(A)=—7—=—; PB)= —— = —.
W=z~ PB=7s =1
) 2 8 2
Do dé P(C)=P(A+B)=P(A)+P(B)= — + — = -.
15 15 3 )
SAMI
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s = i e i
Cong thirc cong xac suat

Vi du 27

Mot I6p cé 100 sinh vién, trong dé cé:

40 sinh vién gidi ngoai ngi, 30 sinh vién gidi tin hoc,

20 sinh vién gidi cd ngoai ngif 1an tin hoc.

Chon ngiu nhién mét sinh vién trong I6p. Tim xac suit d& sinh vién dé gidi it nhit 1
trong 2 mon trén.

1
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YRR R RN IR UL M Cong thitc cdng xac subt

Coéng thic cong xac suat

Bai lam

Goi
@ A : “sinh vién d6 gidi it nhit 1 trong 2 mén ngoai ngil, tin hoc"
@ N : “sinh vién dé gidi ngoai ngii”
@ T : “sinh vién dé gidi tin hoc”

D& thdy A =T + N, do dé

30 40 20 50
P(A)=P(IT'+N)=P(T)+ P(N)— P(TN) = — = = 0.5.
(4) (T'+N) (T)+ P(N) (TN) 100+100 100 100 0-5

1
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Xac suat cé diéu kién
Dinh nghia 4.1

X4c sult x3y ra su kién A véi didu kién su kién B d3 x3y ra dudc goi 13 xac subt cé diéu
kién B cla su kién A. Ky hiéu 1a P(A|B).

o

Vi du 28

T mét bd bai ta Iokho 52 ciy d3 tron k§ rdt ngiu nhién ra mét cay bai. Biét dé 13 cay
den, tinh xac sult dé 13 cay 4t.

Bai lam

Goi A "rat dugc cdy at" va B “rit dugc ciy den”. Xac sut can tinh 13 P(A|B).

2 nap nap/n _ P(AB)
26 np  np/n  P(B)’

1
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Mbét sb céng thifc tinh xic sudt IRCIRIER R IR

Xac suat cé diéu kién

Cong thudc tinh

P(AB)
P(A|B) = 4.7
(AIB) = S5 (47)
SIA;\SI.!III
Xac suit théng ké Ha N&i, thang 8 nim 2018 53 / 74
Cong thi'c nhan xac suat
Cong thi'c nhan xac suat
P(AB) = P(A).P(B|A) = P(B).P(A|B) |.
Dinh nghia 4.2
Hai su kién A va B dugc goi la déc 1ap véi nhau néu viéc xay ra hay khdéng xay ra su
kién nay khong lam anh hudng téi viéc xay ra hay khéng xay ra su kién kia. Ta cé:
P(A) = P(A|B) = P(A|B)
P(B) = P(B|A) = P(B|A).
Hai su kién A va B déc |ap v&i nhau khi va chi khi
P(AB) = P(A).P(B).
A |
Chay 4.1
Néu A va B déc Iap thi cdc cip sau ciing doc l1ap: Ava B ; AvaB;AvaB
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Lé Xuén Ly

Mét sb coéng thic tinh xac sut

Céng thitc nhan xac suit

Céng thic nhan xac suat

Tong quat

Cho n su kién A1, As, ..., A,. Khi d6 xé4c subt tich dugc tinh nhu sau:

P(A1As... Ay) = P (A1) .P(As|Ay).P (As|A1As) ... P (An|A1As ... An_y).

Dinh nghia 4.3

Céc su kién Aq, As, ..., A, dugc goi 1a dbc 1ap (hay doc |ap trong téng thé) néu viéc
x3y ra hay khéng x3y ra clia mét nhém bAt ky k su kién (1 < k < n) khéng lam anh
hudng téi viéc xay ra hay khéng xady ra clia cac su kién con lai.

1
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M6t sb cong thiic tinh xic suit RGN NI TR CIRITEL:

Coéng thirc nhan xac suat

Vi du 29
Ba xa tht d6c 1ap véi nhau, mdi ngudi bin mdt vién dan vao bia véi xéc sudt bin tring
cla ting ngudi tuong tng 13 0.7; 0.8 va 0.9. Tinh xac suat:

@ Cé ding 2 ngudi bin tring;

@ C6 it nhit 1 ngudi bin tring.

1
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Mbt sb céng thifc tinh xac subt [EEITY NIl ETINETRTEY:

Céng thic nhan xac suat

Giai

Goi A;: "ngudi thit i bin tring bia" véi i = 1,2, 3. Theo bai ra ta c6 A1, Az, A3 xung

khic vé6i nhau (timg déi) va P (A;) =0.7; P(A2) =0.8; P(A3) =0.9.

©Q Goi A: "Cé ding hai ngusi b_é'n trang", khi dé
A= A1AA3 + A1 A3 A3 + A1 A5 As.

Dung tinh xung khic clia ba s& hang trong téng va tinh déc Iap clia cic su kién

Al, AQ, As ta cé:

P(A) =P (AlAQZg =+ AleAg + ZlAgAg)
=P (AlAQZg) + P (A1Z2A3) + P (ZlAgAg)

= 0.7%0.8% (1 —0.9)+0.7x (1 —0.8) x 0.9+ (1—0.7) x 0.8 x 0.9 = 0.398.

@ Goi B: “Cé it nhit 1 ngudi bin tring bia” suy ra B: “Khdng c6 ai bin tring”. Ta

c6 B= A1 AzA3, suy ra - B B B
P(B)=1—P(B)=1— P (A1A2A3) =1— P (A1) P (A2) P (A43) =
1—-0.3x0.2x0.1=0.994.

Lé Xuan Ly Xac subt thbng ké Ha N&i, thang 8 nam 2018

Mbt sb céng thifc tinh xac subt [EEITaRE iR ETINETRTEY:

Trac nghiém

@ Cho P(A)=1/3,P(B)=1/4,P(C)=1/12. A va B 1a 2 su kién:
A. doc lap
B. xung khic
C. khéng ddc 1ap va khéng xung khic

Q@ Cho P(A)=1/3,P(B) =1/4,P(C) =6/12. A va B 1a 2 su kién:
A. doc lap
B. xung khic
C. khéng doc 1ap va khdng xung khic

© Cho P(A)=1/3,P(B)=1/4,P(C)="7/12. A va B 1a 2 su kién:
A. doéc lap
B. xung khic
C. khéng doc 1ap va khdng xung khic

57 / 74
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Mbt sb céng thifc tinh xac subt [EEITY NIl ETINETRTEY:

Céng thic nhan xac suat

Vi du 30

Mot ngudi théa thudn vdi vo 55p cudi nhu sau: anh ta chi cin cé con trai. Néu vg anh
sinh cho anh mét dita con trai thi Iap tifc ding lai lién, khéng sinh nia. Gid sit mét
ngudi phu nif sinh téi da m Ian, va xdc sudt sinh con trai & mdi lan 13 1/2 (kh3 ning sinh
con trai & m&i lan sinh khéng dnh hudng téi nhau).

a. Hoi kha ndng anh nay cé con trai la bao nhiéu?

b. HGi n phdi I3 bao nhiéu thi khd ning anh ndy cé con trai I6n hon hodc bing 90%.

Giai
a. Goi T} : "sinh con trai & lan sinh thd ", i = 0,1,2,...,n

T: "anh nay cé con trai ".
P(T)=1-P(T)=1- P(T7.T2...T},)

=1-0,5".
b. P(T)>0,99< 1—-0,5" >0,90 < 0,5" <0,01
> in0, 1 S n > 3,322
In0,

Vayn >4.

v
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Mbt sb céng thifc tinh xac subt [EEITaRE iR ETINETRTEY:

Coéng thirc nhan xac suat

Vi du 31

C6 4 que thim, trong d6 c6 3 que thim dai bing nhau va 1 que thim ngin hon. Bbn
ngudi lan lugt [€n rdt ngau nhién mét que tham. Tinh xac suat ngudi thd ¢ rat dugc
thim ngin (i = 1,2, 3,4).

Giai
Goi A;: “Ngudi thi i rat dugc thim ngin” véi i = 1,2,3,4. Ta cb
1
P(4)) = .
P(4) = P(&).P(AA)=21="L
43 4’
- — = — — 321 1
P(As) = P(AiA:As) =P (&) P (&) P (4slAiA) = 5.5.5 = 5
1
P(Ay) = 1

; ) < 1
Vay kha nang rit dugc thdm ngan cla 4 ngudi 1a nhu nhau va bang 1
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Mbt sb céng thifc tinh x4c sudt (NGRS gl

Cong thiac Bernoulli

Dinh nghia 4.4

(D3y phép thir Bernoulli) Tién hanh n phép thir déc lap. Gia sir trong mdi phép thir chi
c6 thé xdy ra mét trong hai trudng hop: hoac su kién A x3dy ra hodc su kién A khong
x3dy ra. Xac sult xay ra su kién A trong mdi phép thir ludn bing p. D6 chinh 13 ddy phép
thir Bernoulli.

v

Cong thidc Bernoulli

Xac subt dé su kién A xult hién ding k 13n trong n phép thi clia d3y phép thir
Bernoulli 1a:

pu(k) =CEpF¢" %, q=1—p;k=0,1,...,n. (4.8)

Vi du 32
@ Gieo mét déng tién 10 Ian. Ta quan tdm ra mat sp
@ 5 xa thd, mbi ngudi bdn 1 vién vao muc tiéu. Ta quan tdm dén sb ngudi bdn tring

@ Gieo mét con xic xac 100 lan, ta quan tdm dén su kién ra mat luc

o
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s e sl
Cong thirc Bernoulli

Vi du 33

X4c sult thanh cdng cia mdt thi nghiém sinh héa 13 40%. Mét nhém gdm 9 sinh vién
tién hanh cung thi nghiém trén dbc lap v6i nhau. Tim xac suat dé:

@ Cé6 ding 6 thi nghiém thanh céng

@ C6 it nhit 1 thi nhiém thanh céng

1
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G e Bl
Cong thiac Bernoulli

Giai
Phép thr 1a tién hanh thi nghiém. A |13 su kién thi nghiém thanh cdng. Ta cé

p=P(A)=04; ¢g=1—-p=0.6; n=0.

@ Xac subt can tinh: po(6) = CSp°q® = C§(0.4)°(0.6)% = 0.0743.

Q Goi Bl_é su kién “cé it nhAt 1 thi nghiém thanh céng".
Ta cé B: “khong c6 thi nghiém nao thanh cong’. Khi dé

P(B)=1-P(B) =1-(0.6)° = 0.9899.

Lé Xuan Ly Xéac subt thbng ké Ha N&i, thang 8 nam 2018

Céng thitc xac sudt diy di va cong thiic Bayes ISGEIRNE RIS RSEVASLT

Coéng thirc xac suit day da va cong thi'c Bayes

Cong do[§> @ Cong doan 2

Al A2 ... A

Muc tiéu: Tinh x4c suit xay ra két qua H sau céng doan 2.
Khé khan: Két qud cong doan 2 phu thudc vao két qua céng doan 1.

l
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H)

Cac két qua cha cong doan 1 dudc chia lam n tap A;, mdi mét tap sé gém mot sb két

quad ¢ anh hudng gibng nhau dén kha ning x3y ra H.

Lé Xuan Ly Xac subt théng ké Ha N&i, thang 8 nam 2018
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Céng thitc xac sudt diy di va cong thiic Bayes ISGEIRNE RIS REVASIT

Khai niém nhém day di

Dinh nghia 5.1

Nhém céc su kién Ay, Aa, ..., A, (n > 2) cia mot phép thir duge goi 13 mdt nhém day
di néu théa man 2 diéu kién:

(*] AZAJ =0 Vi % 7,
@ A +Ay+ .- A, =0
Tinh chit: P(A;) + P(As) + ... + P(A,) =1

Cha y 5.1

@ DG&i v8i mdt su kién A thi ta c6 nhém day di {A, A}

@ D&i véi 2 su kién A va B,mdt nhém day di: {AB, AB,AB, A.B}.

. 3
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Lé Xuén Ly Xac subt thbng ké

Céng thitc xac sudt diy di va cong thiic Bayes ISGEIRNE RIS RSEVASLT

Khai niém nhém day di

Vi du 34
Xét phép thir gieo mét con xic x3c 1 1an.
@ Goi A;: “Gieo dugc mit i chdm” véi i =1,2,...,6. Ta c6 nhém day di
A1, Aa, ..., As.
@ Goi

o A: "Gieo dugc mit chan”
e B: “Gieo dugc mat 1 cham ho3c 3 cham”
o (: "Gieo dugc mat 5 cham”

Khi d6 A, B, C 13 mét nhém day da.

1
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Céng thitc xac subt ddy di va céng thitc Bayes Céng thifc xac sudt day da

Coéng thic xac suat day da

Cong thiic xac suat day da

Gid sit A1, A, ..., An 13 m6t nhém déy dd cac su kién. Xét su kién H sao cho H chi

xay ra khi mét trong cac su kién Aq, Ao, ..., A, xay ra. N6i cadch khac H xay ra thi
su kién A; nao dé xdy ra. Khi dé ta cé cong thic xac suat day du

P(H) = ZP(Ai) P (H|A). (

mot

5.9)

Lé Xuan Ly Xac subt thbng ké Ha N&i, thang 8 nam 2018

Céng thitc xac subt ddy di va céng thitc Bayes Céng thifc xac sudt day da

Coéng thic xac suat day da

Vi du 35

Xét mét 16 san pham c6 sb luong rat 16n trong dé s& san pham do phan xudng | san
xuat chiém 20%, phan xudng Il sdn xuat chiém 30%, phan xudng Ill sdn xuat chiém

50%. Xac sudt phé& pham cha phan xudng | 13 0.001; phan xudng Il 13 0.005; phan xudng

111 13 0.006. LAy ng3u nhién 1 san pham cla 16 hang. Tim x4c suit d€ san pham dé
phé pham.

l
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Lé Xuan Ly Xac subt thbng ké Ha N&i, thang 8 nam 2018
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Céng thitc xac subt ddy di va céng thitc Bayes Céng thifc xac sudt day da

Coéng thic xac suat day da

Giai
Goi H: “San pham 4y ra I3 phé& pham”; A;: “San pham dé do phan xudng i san xut”
i=1,2,3. Tacé {A1, Az, A3} 13 mét nhém day dii va

P (H|A:1) =0.001; P (H|A2)=0.005; P (H|A3) = 0.006.
Ap dung céng thiic xac subt ddy di ta cé

P(H) =P (A:1).P(H|A1)+ P(A2).P(H|A2) + P (As3) .P(H|As3)
= 0.2 x 0.001 4 0.3 x 0.005 + 0.5 x 0.006 = 0.0047.
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Céng thitc xac subt ddy di va céng thitc Bayes Céng thifc xac sudt day da

Coéng thic xac suat day da

Vi du 36

Cé hai chudng thd. Chudng thd thit nhit c6 3 thd tring va 3 thd nau. Chudng thd thd
hai c6 6 thd tring va 4 thd nau. B3t ngiu nhién 2 con thé tir chudng thit nhat bd vao
chudng thit hai rdi sau d6 bt ngiu nhién 1 con thd tir chudng thit hai ra. Tinh xac suit
bit dugc thd niu tir chudng thd hai.

v

Giai
Goi A;: “Trong 2 con thd b3t tir chudng mdt cé i con thd nau” , i =0,1,2. Ta cé
Ao, A1, Az 13p thanh mdt nhém day di. Goi H: “Bit dugc thd nau tir chudng hai”. Ta cé

c: 1 cicd 3 c2 1

P(A)=5 =5 PA)=="=5 P(h)=5=<
6 6 6

4 1 5 6 1

P(H|A)) = — ==: P(H|A) =—: P(H|A)) = — ==

Ap dung céng thiic xac suit diy di:
2
P(H)=> P(A)P(H|A)=
Xéc subt théng ké H3 NGi, théng 8 nam 2018 71/ 74
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Céng thifc xac subt diy di va céng thitc Bayes [NGNTa NIl ERV S

Cong thdc Bayes

@ Trong cbng thitc xac subt dé\‘y da, H 13 su kién két qua, con cac su kién
A; i =1, n 13 cic su kién nguyén nhan. Néu biét nguyén nhan ndo x3y ra thi ta
xac dinh dugc xac suit xay ra H.

@ Bay gid nguoc lai, ngudi ta d3 biét dugc két qua xay ra H, mubn tinh xac suit dé
nguyén nhan thi ¢ x3y ra la bao nhiéu, tdc la di tinh P (A;|H). P(A;) dugc goi la
x4c sult tién nghiém, con P (A;|H) dugc goi la xac suit hau nghiém.

Ta cé cbng thic Bayes:

A;)P(H|A;)
P(A;|H) = P( , 1=1,2,...,n. (5.10)
> i P(A;).P(H|A;)
SAMI
Xac suit théng ké Ha N&i, thang 8 nim 2018 72/ 74

Céng thitc xac subt diy di va céng thitc Bayes [T NIl ERY S

Cong thdc Bayes

Ching minh.
Theo cbng thitc xac sult cé diéu kién ta cé:

P(A:H) _ P(A;).P(H|A;)
P(H) —  P(H)

P (A;|H) =

M3t khac theo cong thifc xac suit day da: P(H) = Z P(A;).P(H|A;). Thay vao céng

J:
thic trén ta c6 dpcm. O
4
SAMI
1956
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Céng thifc xac subt diy di va céng thitc Bayes [NGNTa NIl ERV S

Cong thdc Bayes

Vi du 37

M6t nha may san xuit béng den cé ty 1& béng den tbt 13 90%. Trudc khi xuit ra thi
trudng, mdi béng dén déu dugc qua kiém tra chit luong. Vi su kiém tra khéng tuyét dbi
hoan toan nén mét béng deén tbt c6 xac sult 0.9 duoc cdng nhan la tbt, con mbt béng
dén hong c6 xac suit 0.95 bi loai bo.

© Tinh ty 1& béng qua duoc kiém tra chit luong.

@ Tinh ty 18 béng héng qua dugc kiém tra chit luong.

Giai.

Goi A: “Béng deén thubc loai tbt": B: “Béng dén thubc loai hong”. Ta cé A, B la mét
nhém diy da va P(A) =0.9; P(B) = 0.1. Goi H: "Béng qua dugc kiém tra chit
lugng", ta c6 P(H|A) =0.9; P(H|B) = 0.05.

@ Theo cbng thiic xic sudt day du ta cb

P(H) = P(A).P(H|A) + P(B).P(H|B) = 0.9 x 0.9 + 0.1 x 0.05 = 0.815.

) P(B).P(H|B)  0.1x0.05 $ |
Ta 6 P(B|H) = = — 0.0061.
Q Ta s P(BIH) P(H) 0815 00 SAMI
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Chuong 2: Bién ngiu nhién va luat phan phdi xac
suat

L& Xuan Ly @
Vién Toan ing dung va Tin hoc, DHBK Ha NG&i

Ha N&i, thadng 2 nam 2018

1

SAMI

1956

D Email: lexuanly@gmail.com

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit Ha N&i, thang 2 nim 2018 1/ 66

B v it
7
Vi du

Mét cong ty bao hiém ban thé b3o hiém vdi gia 100 ngan ddng/1 ngudi/1 nim. Néu
ngudi bdo hiém gip rdi ro trong n3m dé thi nhan ducc sb tién bdi thudng 13 1 triéu
ddng. Theo théng ké biét ring ty |& ngudi tham gia bao hiém bi rdi ro trong n3m 13 0.05.
@ H3y tinh tién 13 trung binh khi badn m&i thé bdo hiém
@ N&u ban b3o hiém dugc cho 10000 khich hang thi sb tién I5i trung binh thu vé
dugc 13 bao nhiéu?

1
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Dinh nghia 1.1

Bién ngau nhién (dai luong ngau nhién ) la mét dai lugng ma gia tri cbda nd la ngau
nhién, phu thubc vao két qua phép thua. Ta thuong diung cdc chir in hoa dé ki hiéu bién

ngdu nhién: X,Y,Z, X1, Xo,.... Con cdc gid tri ma bién ngiu nhién nhan thudng duoc
ki hiéu 1a chir thudng: a,b,c,...,x,y,2, 1,22, . ...

4
Vidul

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit Ha Ngi, thang 2 nim 2018 4 / 66

Bién ngdu nhien
Bién ngau nhién

@ Gieo mdt con xtc x3c. Ta quan tam dén s6 chdm xut hién. Goi X 13 sb chim
xuit hién trén m3t con xtc x3c, ta c6 X 13 mdt bién ngiu nhién va tap gia tri c6
thé nhan l1a {1,2,3,4,5,6}.

@ Chon ngiu nhién 3 dira tré tir mdt nhém gdm 6 bé trai va 4 bé gii. Ta quan tam
c6 bao nhiéu bé gai. Goi X la so bé gdi trong nhém. Khi dé X |a mét bién ngau
nhién va tip gia tri ¢6 thé nhan 13 {0,1,2,3}.

@ Khoang thdi gian giita 2 ca cAp ctiu & mdt bénh vién nao dé 13 mét bién ngiu
nhién. N6 c6 thé nhan gia tri bat ky trong khodng [0; +00).

Nhiét d6 cta Ha N&i lidc 6h sang hang ngay
S& iphone phai di bao hanh

1
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S T
Phan loai bién ngau nhién

@ Bién ngiu nhién dudc goi 1a rdi rac, néu tap gia tri cha né 1a mét tap hiru
han hoic vé han dém dudc cac phan ti.
+ N6i mét cach khic dbi véi bidn ngdu nhién rdi rac ta c6 thé liét ké tht ca cac
gia tri né cé thé nhan b?ang mot day hitu han hodc v6 han.
+ Vi du: sb6 diém thi cha hoc sinh, s& cudc goi dién thoai cia mot téng dai trong
mdt don vi thdi gian, sb tai nan giao thdng trong mot ngay, . ..

@ Bién ngiu nhién dudc goi 13 lién tuc, néu tap gia tri cha né lap kin mot mién
hodic mét sé mién cha truc sd hoidc ciing c6 thé 13 ca truc sb.
+ Mot mién cé dang (a;b), [a;b), (a; b], [a; b]
+ Vi du: huyét 4p cha mét bénh nhan, d6 dai cia mét chi tiét méy, tudi tho cla
mot loai bong deén dién ta,. . .

- > /
/
LY L] ';
e e /
Bién ngau nhién Bién ngau nhién “
rgi rac lién tuc

SAMI

1956
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20 gy i deat
Ham phan phoi xac suat

Dinh nghia 1.2

Ham phan phbi xdc sult cta bién ngiu nhién X, ki hiéu I3 F(z) va duoc xdc dinh nhu
sau:

F(x)=P(X <z), x€R. (1.1)

v

Ham phan phdi xac sudt F(z) phan 4nh dé tap trung xac sut & bén tréi cia diém .

Céc tinh chat
@ 0< F(z) <1
@ lim F(z)=0, lim F(z)=1

T —— 00 r—400
@ F(x) 1a ham khéng gidm: VYa < b, F'(a) < F(b)
@ Pla< X <b)=F(b)— F(a)

~d
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Bang phan phbi xac suat

Dinh nghia 2.1

Phan bé xdc suat cia mét bién ngau nhién roi rac X 1a mét bang trén dé ta ghi ca gia
tri ma X cé thé nhan kem theo xdc suat dé né nhin cac gia tri dé

X ==z

Z1

€2

Ly

P(X =x)

b1

b2

Pn

Trong dé tap cdc gid tri cia X la {x1,x2, .

Cdc xdc suat p; théa man

@ p;=P(X=uxz)>0 Vi=1,2,...;

@ Ham phan phdi xdc suat cda bién ngau nhién roi rac X :

>, P(X =)

Fz)=P(X <x) =

1T <T

.., Tn} dugc sip xép theo thif tu ting dan.

> P

v

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit

Bién ngau nhién rgi rac

Bang phan phbi xac suat

i
]
LN}
ia

[
i
55 -

4
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Bang phan phdi xac suft

Cau héi: D& 1ap dugc bang phan phbi x4c sult ta can 1am gi? Trd I5i:

@ Xéc dinh cic gid tri z; m3d X c6 thé nhan

@ Tim céc x4c sult p; tuong tng véi cac gi tri x;

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit

SAMI

1956
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Bi&n ngiu nhién rsi rac Bang phan phdi xac suft

Bang phan phbi xac suat

Vidul

Tung mét dong tién can doi va déng chat. Goi X la bién ngdu nhién chi s6 1an xuat hién
mdat sap. Ta cé bang phdn phoi xdc suat sau:

X ==z

0

P(X =1x)

1/2

1/2

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit

Bién ngau nhién rgi rac

Bang phan phbi xac suat

Vidul

Tung dbéng xu cin doi va déng chat 2 lan. Goi X 1a bién ngiu nhién chi s6 1an xu3t hién

mat sap. Ta cé bang phdn phdi xdc suat sau:

u

SAMI

1956
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Bang phan phdi xac suft

X ==z

P(X =x)

1/4

1/2

1/4

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit

o
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28051 0 S e e
Bang phan phoi xac suat

Vi du 2

Mét ngusi dem 10 nghin déng di dénh mét sé dé. Néu tring thi thu duoc 700 nghin
déng, néu trugt thi khéng dugc gi. Goi X (nghin déng) 1a s6 tién thu dugc. Ta c6 bang
phédn phoi xdc suat cua X

2 = g 0 700
P(X ==z) | 99/100 | /100

G i R e o T RS

13 / 66

Bién nglu nhién rdi rac Céac tham sb dic trung

Cac tham so dac trung
Ky vong

Ky vong

@ Ky vong: |a dai lugng dic trung cho gia tri trung binh.
(D6i khi ngusi ta c6 thé goi nd la gid tri trung binh bdi cong thic tinh cia né
chinh 1a tinh gid tri trung binh cho trudng hgp thu dugc v han so liéu)

@ Ky hiéu: E(X) hodc EX

@ (Céng thic tinh: v6i X roi rac ta cé: EX = > x;.p;

1
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Cac tham s6 dac trung
Ky vong

Vidul

Tung mét déng tién can doéi va déng chat. Goi X 13 bién ngdu nhién chi sb 1an xuat hién
mdat sap. Ta cé bang phdn phoi xdc suat sau:

X==x 0 1
P(X=x) | Y2 | 1)

Ky vong cia X : EX = 0.1/2+ 1.1/2=1/2

l

SAMI
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Cac tham s6 dac trung
Ky vong

Vi du 2

Tung déng xu cdn doi va dong chat 2 lan. Goi X la bién ngau nhién chi so l1an xuat hién
mat sap. Ta cé bang phdn phdi xdc suat sau:

X=x 0 1 2
P(X=x) | Ya | 12| YYa

Ky vong cia X : EX =0.1/a+ 1.1/24+2.1/4 =1
Nhu vy trong 2 1an tung déng xu thi trung binh cé mét lan ra mat sip.

1
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1956

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phbi xac sult Ha N&i, thang 2 nim 2018 16 / 66



Cac tham s6 dac trung
Ky vong

Vidu 3

Mét ngudi dem 10 nghin déng di dénh mét sé dé. Néu tring thi thu dugc 700 nghin
déng, néu trugt thi khéng dugc gi. Goi X (nghin déng) I3 sb tién thu dugc. Ta cé bang
phan phdi xdc sudt cia X

X==x 0 700
P(X ==z) | 99100 | /100

Ky vong clia X : EX = 0.99/100 + 700.1/100 = 7

Nhu v3y bé ra 10 nghin déng, trung binh thu duoc 7 nghin déng, ngudi choi vé lau dai
sé 156 30% téng sb tién choi.

o
1
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Cac tham s6 dac trung
Ky vong

Céc tinh chit chia ky vong
@ Ec = c véic |a hing sb
@ F(aX)=a.EX

@ E(X+b=EX+Vb
Ta suy ra két qud: E(aX +b) =aEX + b

@ Téng quat véi X 13 bién ngiu nhién rdi rac: Eg(X)=> g(xi).pi
Vidu: E(X?) =Y zi.p;

@ E(X+Y)=EX+EY

1
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Bién nglu nhién rdi rac Céac tham sé dic trung

Vi du 4
M6t cong ty bdo hiém ban thé bdo hiém véi gid 100 ngan déng/1 ngudi/1 nim. Néu
ngudi bao hiém gap rui ro trong nam do thi nhan dugc so tién boi thudng 1a 1 triéu
déng. Theo théng ké biét rang ty Ié ngudi tham gia bdo hiém bj rii ro trong ndm 13 0.05.
@ Ha3y tinh tién I3i trung binh khi bdn m&i thé b3o hiém
@ Néu bin bo hiém duoc cho 10000 khich hang thi sb tién I3i trung binh thu vé
duoc la bao nhiéu?

1

SAMI
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Cac tham s6 dac trung
Phuong sai

Phuang sai

@ Phuong sai: trung binh ctia binh phuong sai sb.

@ Ky hiéu: V(X) hosic VX

@ Cong thiic tinh: VX = E(X — EX)?
Vé6i (X — EX) 1a sai sb, hodc |3 d6 lech khdi gia tri trung binh
Ngudi ta bién déi dé dua cdng thiic tinh phucng sai vé dé tinh hon:

VX =E(X -EX)’ =E(X?) - (EX)?

Véi X 13 bién nglu nhién rdi rac:

EX =

Q-

M=
8

1

n 2
Z Z;.Di
=1

.
I

E(X?)

o
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Bién nglu nhién rdi rac Céac tham sé dic trung

Y nghia cia phuong sai
@ Phuong sai thé hién mdc dé phan tan dit lidu xung quanh gia tri trung binh £X,
phuong sai cang I6n thi d6 phan tan di liéu cang cao va ngugc lai.

@ Trong cdng nghiép, X thudng I3 kich ¢ clia cic san pham. VX ldc ndy biéu thi
dd chinh xac cla cac san pham.

@ Trong chin nudi, X thudng 13 chidu cao hay cin ning cla gia suc gia cAm. VX
ldc ndy biéu thi db ting trudng ddng déu cha cic gia stc gia cAm.

@ Trong trong trot, X thudng Ia nang sult cua gibng cay trong. VX lac nay biéu thi
muc d& &n dinh cla ning sut gibng cay trdng.

@ Trong kinh t&, X thudng 13 13i sudt thu dugc cha khoan dau tu. VX lic ndy sé
biéu thi cho muc dd rdi ro cia dau tu.

1956
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Cem e b s g
Cac tham so dac trung

Phuong sai

Vidul

Tung mét dong tién cdn doi va déong chat. Goi X la bién ngau nhién chi s6 Ian xuat hién
mat sap. Ta cé bang phdn phdi xdc suat sau:

X=z 0 1
P(X=xz) | Y2 | 12

EX =01/2411/2=1/2
B(X?) =0%1/24 121/2 = 1/o
Phuong sai VX = E(X?) — (EX)?* =1/2— /s =1/4

1
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Cac tham s6 dac trung
Phuong sai

Vi du 2

Tung déng xu can doéi va déong chat 2 lan. Goi X la bién ngau nhién chi s6 lan xudt hién

mdat sap. Ta cé bang phdn phdi xdc suat sau:

X =z 0

1

2

P(X =z) |

1

s

EX =01Y1441124211=1
E(X?) =022+ 1%2.1/2 4 22.1/4 = 3/

Phuong sai VX = E(X?) — (EX)? =3/2— 1% =1/2
Nhan xét: Phuong sai cda VD2 I6n hon phuong sai ciia VD1 cho ta két ludn ring bién

dé dao déng cua X xung quanh gia tri trung binh ¢ VD2 Ién hon VDI1.

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit

Ha Néi, thang 2 ndm 2018

Cac tham s6 dac trung
Phuong sai

Céc tinh chit clia phuong sai

@ Ve =0 véicla hing sb
@ V(aX)=a*>VX

@ V(X +b)=VX
Ta suy ra két qud: V(aX +b) = a’VX

o
1
SAMI

1956
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Bién nglu nhién rdi rac Céac tham sé dic trung

Cac tham sb dic trung

Do léch chuan

Pon vi do clia phuong sai bing binh phucng don vi do cha bién ngiu nhién. D& d& danh
gid mitc dé phan tan hon, ngudi ta dua ra khai niém do6 léch chuan.

Do léch chuan

@ Y nghia: dung dé& do d6 phan tan dif liu xung quanh gi tri trung binh EX.
@ Ky hiéu: o(X) hodc o
@ (éng thuc tinh: 0 =V X

Vi du: Phan tich ky thudt gid ching khodn: SMA(n) va Bollinger Band(n).

lAug 28, 2014 Open: 627.41 High: 635.84 Low:626.32 Close: 632.03 Vol: 134,519,830
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Vidu 3 J
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Cac tham sb dic trung
Mode

Mode

@ Khdi niém: Mode cla bién ngadu nhién X, ki hiéu la mod(X), la gid tri cGa bién
ngau nhién X cé kha nang xuat hién I6n nhat trong mét [an can nao dé cda né.
Déi véi bién ngau nhién r&i rac, mod(X) Ia gid tri cla X @ng véi xac suat I6n nhat.

Nhu vdy mét bién ngau nhién c6 thé cé6 mot mode hoac nhiéu mode.

@ Ky hiéu: mod(X)

L& Xuan Ly (SAMI-HUST) Bién nglu nhién va luit phan phbi xac sut Ha N&i, thang 2 n3m 2018

Cac tham sb dic trung

Phan vi mdc p

@ Khai niém: Phan vi mic p cla bién nggu nhién X |a gid tri z, sao cho.
F(zp) =P(X <z)=p

Mét sb phan vi dic biét:

+ Phan vi mic 25% dudc goi |3 t phan vi thd nhit

+ Phan vi mic 50% dugc goi la ti phan vi th hai hay trung vi.
+ Phan vi mic 75% dugc goi 1a ti phan vi thd ba

l

SAMI
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@ Trung vi: Trung vi clia bién ngiu nhién X 13 gia tri cha X chia phan phdi x4c suat

thanh hai phan c6 xac sut bing nhau. Ki hiéu 13 med(X):
P(X <med(X)=P(X >med(X))=0,5

Ta c6 thé tim trung vi bing cach gidi phuong trinh: F(z) = 0, 5.

Trong dng dung, trung vi 13 d3c trung vi tri tt nhit, nhiéu khi t6t hon c3 ky vong,

nhit 13 trong nhiing trudng hop sb lidu cé nhiéu sai sét ho3c sai sét thai qua.

L& Xuan Ly (SAMI-HUST) Bién nglu nhién va luit phan phdi xac sut Ha N&i, thang 2 nim 2018
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S i G
Ham mat d6 xac suat

Dbi véi bién ngdu nhién lién tuc, khéng thé dung bang phan phdi xac sut do xac subt né
nhan tai mdi diém ludn bang "0". Do dé ngudi ta thay thé bing ham mat do xac suét.

Dinh nghia 3.1

Ham mat dé xdc subt ciia bién ngdu nhién lién tuc X 13 ham f(x) xdc dinh trén R thda

man:

@ f(z)>0VzeR;

o P(X €B)= /f(a:)da: VB C R.

1o ' W
0E
y=t(3)
—_— 0
X
¥
ER L]
X3
s P f F(x)dl x
[ n
0z =
= 1
oo o
= -4 3 Z -1 ; 1] : 1 z ; 3 4 ; =] a b

L& Xuan Ly (SAMI-HUST) Bién nglu nhién va luat phan phbi xac sut Ha N&i, thang 2 nim 2018

Bién ngau nhién lién tuc Ham méat dé xac suat

Ham mat d6 xac suat

Cha y 3.1

Ham mat dé xdc sust f(x) cda bién ngdu nhién lién tuc X thé hién muc doé tap trung
xdc sudt cua X xung quanh diém x. Tic la véi A, du nhé cho trudc ta c6 thé tinh xap

»
XI:

Px<X<z+A;)= f(x).As.

Do dé ta thiy xdc sudt d€ X nhan gid tri thubc Ian can khd bé (x,x + A,) gan nhu ti

Ié thudn vdi f(x).
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S i G
Ham mat d6 xac suat

Tinh chit

oo
° /f(a:)d:czl;

o P(a§X<b):P(a<X<b):P(a<X§b):P(aSXSb):/f(x)d:c

@ Ham phan phdi xac sudt: F(z) = P(X < z) = / f(t)dt

T dé suy ra f(z) = F'(x)

SAMI

1956
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STNNE TR Ham mat dé xac sut

Ham mat d6 xac suat

Vi du 4

Cho ham sb f(x) =a.sin2z. Tim a dé ham ndy tré thanh ham mat dé xdc sudt cia
mét bién ngdu nhién nhdn gid tri trong [0, 7/2].

Ldi giai

D& ham nay tréd thanh ham mat dé xac suit clia mot bién ngau nhién nhan gia trj trong
[0, 7/2] thi:

0, x & [0,7/2] .

Do sin 2z > 0 véi moi = € [0, 7/2] nén a > 0. Ta cé:

“+ oo /2
1=/ f(a:)da::/ asin2zxdr = a. Vdy a = 1.
0

— o0

flz) = {asin2m, z € [0, /2]

v
e
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S i G
Ham mat d6 xac suat

Vidub
Tudi tho cua mét loai cbn trung la bién ng5u nhién X (thang tu67) cé ham mat dé xdc

sudt f(z) = {a$2(4 —z?), z€0,2]

0, x ¢10,2].
a. Xac dinh a
b. Tinh P(0< X <1),P(X >1)
c. Xdc dinh ham phan phbi xdc suit F(x)

Lai giai
a. Do az®(4 — 2*) > 0 véi Vo € [0,2] néna >0
4+ o0 2
64 15
5 — — 2 — 2 — —_— = —
Tacol—/f(x)da:—/aa:(4 x)dx a. - =a= o
—o0 0

1 1
b. PO< X <1)= /f(x)da: = /ax2(4—x2)da) = a.% = (13—1 = 0, 266
0 0
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Bién ngau nhién lién tuc Ham méat dé xac suat

A
Al V4

Ham mat d6 xac suat

Loi giai
400 2
b. P(X > 1) = / f(x)dx = /ax2(4 — 22)dx = g = 0,734
1 1
c. Ham phan phéi F(z) = / f(t)dt
x < 0suyra F(x) = / ft)dt = / Odt =
i i 5 5 15 423  2°
0<z<2suyra F(x) = f@dt= [ at*(4—-t")dt = —(— — —)
64" 3 5)
—0o0 0
T 2
x> 2suyra F(x) = / ft)dt = /at2(4 —t3)dt =1
—00 0
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Bién ngau nhién lién tuc Ham méat d6 xac suat

Ham mat d6 xac suat

Nhan xét

Qua tinh todn trén ta thiy 26.6% con trung séng khdng qui mot thing tudi, va 73,4%
cdn trung séng hon mot thang tudi. Do dé ta cé thé nhan xét rang tudi tho trung binh
cuta loai nay sé I6n hon mot thang tubi. Tuy nhién tudi tho trung binh cta loai cén trung

nay chinh xac la bao nhiéu?

v

l

Sé\slyll
B TGS SN ¢ ne3u nhien va luat phan phéi xéc suft Ha N&i, thang 2 n3m 2018 36 / 66
Cac tham s6 dac trung
Ky vong
Ky vong ctia bién ngiu nhién lién tuc X
@ Y nghia: né d3c trung cho gia tri trung binh cla X
@ Ky hiéu: E(X) hodc EX
“+o0
@ (Céng thirc tinh: EX = / z.f(x)dx
@ Tinh chit:
+ E(aX +b)=a.EX+b
—+ oo
+ Bg(X) = [ g(0)-f()do
_ .
Vidu: g(X) = X? tacé E(X?) = / 22, f(x)dx
Ha N&i, théng 2 nim 2018 37 / 66
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Bién nglu nhién lién tuc Céac tham sb dic trung

Cac tham s6 dac trung
Phuong sai

Phuong sai ctia bién ngiu nhién lién tuc X
@ Y nghia: né d3c trung cho dé phan tin dif liéu xung quanh EX
@ Ky hiéu: V(X) hodc VX

@ Céng thifc tinh: | VX = E(X — EX)*> = E(X?) — (EX)?
+oo

+oo
véi: EX = / z.f(x)dx va B(X?) = / z?. f(x)dx

— o0

@ Tinh chit: V(aX +b) = a®’VX

L& Xuan Ly (SAMI-HUST) Bién nglu nhién va luat phan phbi xac sut Ha N&i, thang 2 nim 2018
Bién nglu nhién lién tuc Céac tham sb dic trung

Cac tham sb dic trung

Do léch chuan

Do léch chuan

@ Y nghia: dung dé& do dé phan tan dif liéu xung quanh gid tri trung binh EX.

@ Ky hiéu: o(X) hodc o
® Cong thic tinh: o = VX = /E(X2) — (EX)?

+oo
véi X lién tuc: EX = / xf(x)dx

—+ oo

E(X?) = / z? f(x)dx

— O
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Bién nglu nhién lién tuc Céac tham sb dic trung

Cac tham s6 dac trung
Mode - phan vi mic p

Mode

@ Khéi niém: Mode clia bién ngiu nhién X, ki hiéu 13 mod(X), 1a gia tri cta bién
ngiu nhién X cé kha ning xuit hién I6n nhit trong mét 1an can nao dé caa né.
D&i véi bién ngdu nhién lién tuc, mod(X) 13 gia tri clia X ting véi f(x) dat cuc dai
dia phuong.

@ Ky hiéu: mod(X)

Phan vi mdc p
@ Khdi niém: Phan vi mic p cha bién nglu nhién X 13 gia tri 2, sao cho.
F(zp) =P(X <2z)=p

@ Trung vi: Trung vi clia bién ngiu nhién X 13 gia tri cta X chia phan phdi xac suit
thanh hai phan cé xac sut bing nhau. Ki hiéu 13 med(X):
P(X <med(X) =P(X >med(X)) =0,5

v
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Mét sb luat phan phdi x4c suit théng dung

Mot s6 phan phdi xac suit thong dung

Cac quy ludt thong dung sé hoc:
Bién ngau nhién rdi rac

@ Luat phan phdi nhj thiic

@ Luat phan phdi Poisson

Bién ngau nhién lién tuc

@ Phan phbi déu lién tuc

@ Phan phéi chuin

@ Phan phbi mii

@ Phan phdi Khi binh phuong

@ Phan phbi Student )
-
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Mét sb luat phan phdi xac suit thong dung [EIEURERI RS

Phan phdi nhi thirc (Binomial Distribution)

Dinh nghia 4.1

Bién nglu nhién X nhan gia tri trong tap {0;1;2;...;n} véi xdc sudt duoc tinh theo
cbng thuac Bernoulli:

P(X=k) =Ckpr.(1—p)" " véik=0,1,...,m0<p<1

goi 13 tuan theo phan phdi nhi thic véi cic tham sbén va p.

Ky hiéu: X ~ B(n;p)

Céc tham s6 dac trung

Véi X ~ B(n;p) ta co:
@ EX =np
@ VX =np(l—p)=npgvéig=1—p
@ m+1)p—1<mod(X)<(n+1)p

v
g
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Mét sb luat phan phdi xac suit thong dung [EEIEURERI RS

Phan ph6i nhj thirc

L'fng dung

Ta thuc hién n phép thi déc 1ap cung diéu kién. Trong mdi phép thir xac suit xay ra su
kién A ludn la p. Goi X la s6 phép thir xdy ra A. Ta c6 két qua: X ~ B(n;p)

Vidul

Gieo mdt con xtic xic 3 1an. Goi X 13 sb 1an ra mit luc trong 3 Ian gieo. Lap bang phan
phbi xdc sudt cta X, biét ring kh3 ndng ra mat luc & mdi lan gieo 13 /6.

Gagi y:

X ~ B(n;p) vdin =3;p=16, P(X = k) =CEp".(1—-p)" "

X=z 0 1 2 3
P(X =x) | 125/216 75/216 15/216 1l/216

ol
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Mét sb luat phan phdi xac suit thong dung [EIEURERI RS

Phan ph6i nhij thirc

Vi du 2

Mét ngudi choi dé trong 10 ngdy, mdi ngdy ngudi dé choi 5 sb. Tinh xdc sudt trong 10
ngay choi:

+) Nguoi dé tring dugc diing 2 ngay.

+) Ngudi dé tring duoc it nhat 2 ngay

+) Xac dinh sb ngay tring cé kh3 ning x3y ra cao nhat?

tl
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Mét sb luat phan phdi xac suit thong dung [EEIEURERI RS

Phan ph6i nhj thirc

Bién nio sau day I3 tudn theo phan phdi nhi thic:

7z \

@ Tung médt dong xu 3 13n. Goi X 13 sb 1an dugc m3t ngla.
Hop c6 4 bi tring va 3 bi xanh. Lay ng3u nhién 3 bi. Goi X 13 s bi xanh 13y dugc
theo 2 cach:
+) Lay lan lugt 3 bi
+) L3y cé hoan lai 3 bi
@ Mbt méy san xubt ra sdn pham cé ty & ph& pham 13 2%. Cho mdy san xuft ra 10

san pham. Goi X 13 sb phé pham c6 dugc.

@ Mot xa tha b3n 3 phat dan vao bia. 3 13n b&n sau do rit dugc kinh nghiém cac
lan bin trudc nén xac suit bin tring clia 3 phat lan luct 13 0,7;0,8;0,9. Goi X la
s6 phat ban tring bia.

o

tl
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Mét sb luat phan phbi x4c sudt thong dung [REIENRS RSO

Phan phbi Poisson

Dinh nghia 4.2
Bién nglu nhién X nhan gid tri trong tap {0;1;2;...;:n;...} véi xdc sudt :
)\k:
P(X =k) =e”g;k=o,1,2,...

goi 13 tudn theo phan phbi Poisson vdi tham sb \
Ky hiéu: X ~ P(\)

Cac tham sb dic trung
Véi X ~ P()) ta cé:

@ EX =)

o VX =)\

@ \—1<mod(X) <A

SAMI

1956
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Mét sb luat phan phbi x4c sudt thong dung [REIENRS RSO

Phan phéi Poisson

@ Qua trinh Poisson con cé thé goi la qué trinh dém.

@ Trong tinh hudng ndo ta gip phan phdi Poisson?
Xét mét su kién E xult hién & nhiing thdi diém ngu nhién. Gia sir s 13n xubt
hién E trong mdt khodng thdi gian khdng anh hudng t6i xac suit xult hién cla E
trong cic khodng thdi gian k& tiép. Hon nita cudng d6 xubt hién cla E 13 khéng
thay déi, nghia 13 sb 13n trung binh xuAt hién E trong khoing thdi gian ti 18 véi do
dai khoang thaoi gian dé.
Goi X 13 sb Ian xuit hién E trong khoang thdi gian (t1,t2). Ta c6 X ~ P(\) véi
A = c(ta — t1), trong d6 c 13 hing sb dugc goi |3 cudng dé xuit hién cla E.

@ Phan phbi nay cé nhiéu dng dung dbi véi nhiéu qué trinh ¢ lién quan dén sb quan
sat dbi v6i mot don vi thai gian hodc khdng gian. Vi du: S6 cudc dién thoai nhan
dugc & mdt tram dién thoai trong mét phdat, sé khich hang dén nha bing dbi véi
mdi mdt chu ky 30 phat, sb 18i in sai trong mdt trang, .... N6i chung dong vao
cia mot hé phuc vu (quén bia, hiéu cit téc, hiéu stra xe, tram dién thoai, mdt cia
hang nao dé, ...) la cac bién ngiu nhién tuin theo luit phan phbi Poisson. “
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Mét sb luat phan phbi x4c sudt thong dung [REIENRS RSO

Vidu 3

0 mét tong dai buu dién, cc cubc dién thoai goi dén xut hién ngau nhién, déc lap vdi
nhau vdi tbc dé trung binh 2 cudc goi trong mét phit. Tim xdc sut dé:

a) C6 ding 5 cuéc dién thoai trong vong 2 phdt

b) Khéng cd cudc dién thoai nao trong khoang thdi gian 30 gidy

c) Cé it nhat 1 cudc dién thoai trong khodng thoi gian 10 gidy.

L&i giai
a. Goi X 13 sb cubc dién thoai xult hién trong vong 2 phiat. X ~ P(\)
X chinh 13 s6 cudc dién thoai trung binh dén trong vong 2 phit. A = 4
P(X =5)=e 2 — e %4 — 0,156
b. Goi X 12 sb cudc dién thoai xut hién trong vong 30 gidy. X ~ P(\) véi A = 1. Ta ¢6
P(X =0)=e 2l = ¢ =0,3679
c. Goi X 13 sb cudc dién thoai xult hién trong vong 10 gidy. X ~ P(\) v6i A =1/3. Ta
bPX>1)=1-PX=0=1—e"=0,2835
|
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Mét sb luat phan phbi x4c sudt thong dung [REIENRS NN REEEON

Cha y 4.1

Khin I6n va p nhé (n > 50;p < 0,1) thi X ~ B(n;p) cé thé chuyén thanh X ~ P(\)
Vi A = np

Vi du 4

Trong mét 16 thubc, ty 18 bng thubc hdng 13 p = 0,003. Kiém nghiém 1000 bng. Tinh
xdc subt dé gap 3 bng bi héng.

L&i giai:

Goi X 13 s6 bng thubc héng trong 1000 éng. Ta c6 X ~ B(n;p) véi n = 1000;p — 0,003
Do n I6n va p bé nén ta xdp xi X ~ P(\) véi X =np =3

o
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Mbt sb luat phan phbi xac subt thong dung [EEIER IR CIREIRETS

Phan ph6i déu rdi rac

Dinh nghia 4.3

Bién ngiu nhién X tudn theo phdn phdi déu rdi rac vdi tham sé n néu X cé bang phan
phdi xac suat nhu sau:

X=z 1 1 ... n
PX=xz)|1/n 1/n ... 1/n

Ky hiéu: X ~ U(n)

Céac tham sb diac trung

n+1
FX =
22
n° —1
VX =
12 )
-
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Mbét sb luat phan phbi xc sult thong dung IR TIR: CINISRATTe

Phan ph6i déu lién tuc

Dinh nghia 4.4

Bién ngé‘~u nhién X dugc goi 1a tudn theo ludt phan phéi déu lién tuc trén [a;b] néu X cé
ham méat dé:

f(z) = bia’ z € [a,b]
0, x ¢ |a, b

Ky hiéu: X ~ U([a, b))

Céac tham sb diac trung

BX — a+b
(b2 )

—a
VX——12

n
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Mét sb luat phan phdi xac suit thong dung [REIENRSIEIR: CIRI I RATLS

Phan phéi déu lién tuc - Vi du

Vidu b

Lich chay cia xe bus tai mét tram xe bus nhu sau: chiéc xe bus dau tién trong ngay sé
khdi hanh tir tram nay lic 7 gid, cit sau 15 phiit sé c6 mét xe khidc dén tram. Gi3 si
mét hanh khdch dén tram ngdu nhién trong khodng thdi gian tir 7 gio dén 7 gio 30. Tim
xdc subt dé€ hanh khdch ndy cho:

a) It hon 5 phat

b) It nhit 12 phat.

Loi giai:

Goi X 13 sb phiit sau 7 gio hanh khdch dén tram, ta c6 X ~ U([0,30])

a) Hanh khach chs it hon 5 phit néu dén tram giita 7 gis 10 va 7 gis 15 hodc giita 7 gi
25 va 7 gio 30. Do dé xdc sudt can tim /a5 -

P(10<X<15)+P(25<X<30):%Jr%:g

b) Hanh khéch chd it nhat 12 phdt néu dén tram giita 7 gid va 7 gid 03 hodc giita 7 gis
15 va 7 gid 18. Xdc sut can tim 13:

P(O<X<3)+P(15<X<18)=%+%:0,2

950
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Mb6t s lust phan phdi xéc suit thong dung EIETRSIEIREATENR

Phan phédi chuan

Dinh nghia 4.5

Bién ngu nhién X duoc goi 13 tudn theo phan phbi chuan véi hai tham sé pva o? (véi
o > 0) néu ham mat dé cia X cé dang:

Ky hiéu: X ~ N(u,o?)

Céac tham sb diac trung

EX =pu

VX =o?

mod(X) = med(X) = pu

Muc tiéu I3 ta tinh xac sudt dang P(a < X < b) “
SAMI
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Mot sb lust phan phdi xéc suit thong dung IREIETRSICIRETER

Phan phéi chuin tic

D3c bigt: X ~ N(0;1) véi (u= 0,0 = 1), X dugc goi 13 tudn theo phan phéi chuin tic
(hay chuén hod).
Ham mat d6 xadc suat hay con goi |a ham mat do Gauss:
1 _1,2
2

p(z) = o

2
D& tinh xac sult ta ding ham Laplace: ¢(x) /go(t)dt
0

Tinh cht:
@ ¢(x) la ham Ié, tang thuc su.
@ ¢(+0) = 0,5
@ X~ N(0;1)tacéd: Pla< X <b)=0¢(b) — ¢(a)

@ Gia tri clla ham Laplace dugc tinh sin thanh bang sb lidu.

v
~f
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Mb6t s lust phan phdi xéc suit thong dung EIETRSIEIREATENR

Phan phéi chuin téng quat

Két qua: Néu X ~ N(p;0%) tacé Z = 22 ~ N(0;1)
Tl dé ta xay dung dugc cong thic tinh:

° P(X<a)=0,5+¢(a;M)

o P(X>a)=0,5—¢(“;“)

° P(a§X<b)=¢(b_u)—¢(a_M)

)

)

o P(IX — | < ) = 20

Q| m

1
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Mot sb lust phan phdi xéc suit thong dung IREIETRSICIRETER

Phan phéi chuan - Vi du

Vidu 6

D6 dai mét chi tiét mdy gi3 st tudn theo luit phan phdi chudn véi gid tri trung binh I3

20 cm va dé léch chuan 13 0,5 cm. Tinh xdc sult khi chon ng3u nhién ra mét chi tiét thi

dé dai cda né:

a) Ién hon 20 cm

b) bé hon 19,5 cm

c) ndm trong khodng 19 cm — 21 cm

Loi gidi:

Goi X (cm) 13 d6 dai chi tiét mdy d3 chon. X ~ N(u,0?), u =20, 0 = 0,5.

20— p
(o2

@ P(X >20)=0,5— ¢ ) =0,5—¢(0)=0,5

1 _
0 P(X <19,5) = 0,5+ (22—

0,5—0,3413 = 0, 1587
21 —

):075+¢(_1):075_¢(1):

19 —
o

@ P(19< X <21)=¢(
2.0,4772 = 0, 9544

) — o&( ) = 6(2) — #(=2) = 2¢(2) =

v
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Mb6t s lust phan phdi xéc suit thong dung EIETRSIEIREATENR

Xap xi phan phdi nhi thitc bing phan phéi chuan

Véi X ~ B(n;p) thod man np(1 — p) > 20.

Khi dé ta xap xi X ~ N(u,0?) v6i p = np,o? = np(1 — p)

Tuy nhién vi chiing ta xp xi mdt phan phdi rdi rac bing mét phan phéi lién tuc, nén
cAn mét su hiéu chinh dé gidm sai s8. Cu thé véi k, k1, k2 13 sb tu nhién ta cé:

k+0,5—p k—0,5— u
s R s L
k’2+0,5—,u)_¢(

o o

P(X = k) =

P(k1 < X <k2) = ¢(

1
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Mot sb lust phan phdi xéc suit thong dung IREIETRSICIRETER

Xap xi phan phdi nhi thitc bing phan phéi chuan

Vidu 7
Kiém tra chit luong 1000 s3n phdm Vdi ty 1€ chinh pham 0,95. Tim xdc suit dé sb chinh
phdm trong 16 kiém tra tir 940 dén 960.

v

Ldi giai

: Goi X 13 bién nglu nhién chi sb chinh pham trong 16 san pham kiém tra, ta cé
X ~ B(1000;0,95)
Vi n = 1000, p = 0,95, ta c6 np = 950 va npg = 47,5 d 16n nén ta x4p xi

X ~ N(950;47,5):

~,960+0,5—950,
P(940 < X < 960) = ¢( IS ) — &(
= ¢(1,52) — ¢(—1,52) = 2¢(1,52) = 0, 8716

940 + 0,5 — 950
VaT,5

)
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Mb6t s lust phan phdi xéc suit thong dung EIETRSIEIREATENR

Phan phdi chuan - Y nghia

Phan phbi chuin ducgc Gauss phat minh n3m 1809 nén cling ¢6 khi né dugc mang tén la
phan phbi Gauss.

Ta th3y bién ngu nhién tuan theo phan phdi chuin nhan gia tri trén c3 truc sb, tuy
nhién c6 thé xap xi mdt sb bién nglu nhién khdng nhan tit ca cic gi4 tri trén R theo
phan phbi chuin, dé 13 do qui tic 3 — o, tdc 13 néu ta cé xac subt X roi vio mién c6
x4c sult bing 0,9974 rht gan 1, nén hau hét ngudi ta chi cAn quan tdm dén céc gis tri
trong lan can 3 — o cla ky vong.

Phan phbi chuin chiém vi tri quan trong trong Iy thuyét xic sult, 13 vi tri trung tam
trong cac két luan théng ké sau nay. Trong thuc t&, vi du trong linh vuc kinh t&, khoa
hoc x3 hoi, ... nhiéu phan phbi khéng gibng phan phbi chuan, nhung phan phdi cta
trung binh cdng ddi véi mdi trudng hop lai cé thé& xem 13 phan phdi chuin mién 13 c3
mau n da I6n.

1
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Mét sb phan phbi khac

Mét sb luat phan phdi x4c suit théng dung

Phan ph6i mii

Dinh nghia 4.6

Bién ng3u nhién X duoc goi 13 tudn theo phdn phdi mii véi tham sb A > 0 néu né c6

ham mat db xdc suat cé dang:

— Az
e

0,

x>0
<0

f(x)

Ky hiéu: X ~ E(N)

Céac tham sb diac trung

1
EX = —
A

v

-
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Mét sb phan phbi khac

Mét sb luat phan phdi x4c suit théng dung

Phan ph6i mii

P(X>t+s|X >t)=P(X >s)

Y nghia: Phan phdi mii c6 nhiéu nhiéu dng dung trong thuc tién. N&i chung véi mét gia
thiét nao dé, khoang thdoi gian gilta hai 1an xuat hién ctia mét sy kién E nao dé sé c6
phan phoi mi. Vi ly do nay phan phoi mii con cé tén goi la phan phdi cia thsi gian cho

daoi (“Waiting time distribution”). Vi du khoang thdi gian giita

2 ca cAp ctu & mdt bénh

vién, khodng thdi gian gitta 2 1an hdng héc clia mét chiéc may, khodng thdi gian giita 2

tran lut hay dong dat, ...

L& Xuan Ly (SAMI-HUST) Bién ngiu nhién va luat phan phdi xac suit
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Mét sb luat phan phbi x4c sudt thong dung ERVEIRERELRIERGETS

Phan ph6i mii

Vidu 8

Gid st tudi tho (tinh bing nim) ciia mét mach dién ti trong mdy tinh 13 mét bién ngiu
nhién cé phan phoi mii véi ky vong 1a 6,25. Thoi gian bao hanh cuia mach dién tu nay la
5 ndm. Hoi c¢é bao nhiéu phan trdm mach dién tir ban ra phai thay thé trong thdi gian
bdo hanh.

Loi giai
- \ A 2 A N A o s A 1 1
Goi X 13 tudi tho cia mach. X tuin theo phan phoi mii véi thamso A\ = — = ——

EX 6,25
P(X<5) =1—-e=1-¢e%=0,5506
Vay c6 khodng 55% mach dién ti ban ra phai thay thé trong thdi gian bao hanh

v

l
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Mét sb luat phan phbi xac sudt thong dung ERVEIRERELRIERGETS

Phan ph6i Khi binh phudng

Dinh nghia 4.7

Gid st X;, (i =1,2,...,n) 1a cdc bién nglu nhién déc Iap cting phan phbi chuin tic.

Bién ngdu nhién'Y = > X? duoc goi I3 tudn theo phan phdi Khi binh phuong vdi n
=1

bac tu do.

Ky hiéu: Y ~ x*(n)

Céac tham sb diac trung
@ EY =n
@ VY =2n

1
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Mét sb luat phan phbi x4c sudt thong dung ERVEIRERELRIERGETS

Phan ph6i Student

Dinh nghia 4.8
Gid st X ~ N(0;1) va'Y ~ x?(n) 13 hai bién ngdu nhién déc Iap. Khi dé:

T —

s

n
duoc goi 13 tun theo phan phdi Student vdi n bac tu do.
Ky hiéu: T ~ T(n)

Céc tham s6 diac trung
@ ET =0

n
e VT =
n—2

L& Xuan Ly (SAMI-HUST) Bién nglu nhién va luit phan phbi xac sut Ha N&i, thang 2 nim 2018

Mét sb luat phan phbi xac sudt thong dung ERVEIRERELRIERGETS

Cha y

@ Phan phdi Student cé cuing dang va tinh déi xiing nhu phan phdi chuin nhung né
phan 4nh tinh bién déi ctia phan phdi sau sic hon. Phan phbi chuin khdng thé
dung dé xap xi phan phdi khi m3u cé kich thudc nhd. Trong trudng hop ndy ta

dung phan phdi Student.

@ Khi bac tu do n ting Ién (n > 30) thi phan phdi Student tién nhanh vé phan ph0|
chuin. Do dé khi n > 30 ta c6 thé dung phan phbi chu3n thay thé& cho phan phéi

Student.

=
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Chudng 3: Bién ngiu nhién nhiéu chiéu

3rd July 2017
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Luat phan phdi xac sut clia bién ngiu nhién nhiéu chiéu Céc khai niém co sé

Cac khai niem co s&

6] chuong trudc chiing ta quan tam dén xac sult cda bién ngdu nhién riéng ré.
Nhung trong thuc t& nhiéu khi ta phai xét dong thdi nhiéu bién khac nhau cé quan
hé tuong hd (vi du khi nghién ctu vé sinh vién mét trudng dai hoc thi can quan
tam dén chiéu cao, can nang, tuc“;i, ...). Do dé d3n dén khai niém bién ngau nhién
nhiéu chiéu hay vécto nglu nhién.

@ D& cho don gian, ta nghién citu bién ngu nhién hai chiéu (X,Y), trong d6 X,Y
13 cac bién ngau nhién mét chiéu. Hau hét cac két qua thu dugc déu c6 thé mé
rong kha d& dang cho trudng hop bién ngiu nhién n chiéu.

@ Bién ngiu nhién hai chiéu dugc goi |3 rdi rac (lién tuc) néu cac thanh phan clia né
13 cac bién ng3u nhién rsi rac (lién tuc).

o
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Luat phan phdi xac sut clia bién nglu nhién nhiéu chiéu [EEIRER IR AT

Cac khai niém co sG

Dinh nghia 3.1

Ham phan phdi xac suit clia bién ngiu nhién hai chiéu (X,Y") dudc xc dinh nhu sau

F(z,y)=P(X <=z, Y <y), z,y R (3.1)

Nhiéu tai liéu goi ham trén 13 ham phan phdi xic suit ddng thsi cta hai bién X va Y.

Tinh chat
@ 0< F(zx,y) <1, Vx,y € R;
@ F(z,y) |a ham khdng gidm theo timg dbi sb;
@ F(—o0,y)=F(x,—0) =0, Vz,y € Rva F (400, +00) =1,

@ Véi x1 < x2, y1 < y2 ta ludn cé

Ple1 < X <2, y1 <y <y2) =F(22,y2) + F (z1,y1) — F (z1,92) — F (z2,91) .

vl
1956
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Luat phan phdi xac sut clia bién nglu nhién nhiéu chiéu [EEIRERN IR AT

Cac khai niém co sG

Tinh chit (tiép)
@ Cac ham

F(x,4+00) = PX <z, Y <+00)=PX <z)= Fx(z)
F(+o00,y) = P(X <400, Y <y)=PY <y)=:Fy(x)

|a cdc ham phan phdi riéng clia cac bién ngiu nhién X va Y va con dudc goi I3
cac phan phéi bién chia bién ngau nhién hai chiéu (X,Y).

Dinh nghia 3.2
Hai bién nglu nhién X,Y ducc goi 1a déc Iap néu

F(z,y) = Fx(z).Fy(y), Vz,y€R.

u
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Phan phoi xac suat cta bién ngau nhién hai chiéu rdi rac

Luat phan phdi xac sut clia bién nglu nhién nhiéu chiéu

Phan phoi xac suat cua bién ngau nhién hai chiéu
roi rac

Dinh nghia 3.3
Bang phan phdi xac sult cta bién ngdu nhién hai chiéu (X,Y) rdi rac dugc xac dinh
nhu sau
Y
¥ Y1 Y2 Yj Yn %:
1 D11 D12 D1j Din P(X =x1)
2 P21 D22 D2 D2n P(X = x2)
4575 Dit Di2 Dij 00 P(X = z;)
Tm Pmi Pm2 pmj DPmn P(X — CEm)
> P(Y =y1) P =ys2) P(Y =y;) P(Y =yn) 1
7
_Bién ngiu nhién nhiéu chiéu 3rd July 2017 6 /30

Phan phoi xac suat cta bién ngau nhién hai chiéu rai rac

Luat phan phdi xac sut clia bién nglu nhién nhiéu chiéu

Phan phoi xac suat cua bién ngau nhién hai chiéu
roi rac

Trong dé

pij=P(X =1z, Y =y;) Vi=1m, j=1n.

Kich thudc bang nay cé thé chay ra vé han khi m,n chay ra vé han.
Tinh chit

@ pi; >0 Vi,j;

o Zpij =1;

%,

@ Ham phan phbi xac subt dugc xac dinh theo cong thiic F(zx,y) =

2.

4,7 i<z, Y; <y

@ Cac phan phdi bién dugc xac dinh nhu sau:

Y P(X =, Y =y))=) py
J J

Y PX =z, Y =y;) =) pi.

P(X = -

=1;) =

P(Y =y;)

3rd July 2017
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Luat phan phdi xac suat cia bién ngiu nhién nhiéu chiéu Phan phoi xac suat ctia bién ngau nhién hai chiéu rdi rac

Phan phoi xac suat cua bién ngau nhién hai chiéu
roi rac

Vidul

Cho bang phan phdi xac suit dong thsi cia (X,Y) nhu sau:

Y
D 1 2 3
1 0.10 | 0.25 | 0.10
2 0.15 | 0.05 | 0.35

Tim bang phan phdi xac suit clia X va Y, sau dé tinh F(2;3).

SAMI

1956
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Luat phan phdi xac suat clia bién ngiu nhién nhiéu chiéu Phan phoi xac suat ctia bién ngau nhién hai chiéu rdi rac

Phan phoi xac suat cua bién ngau nhién hai chiéu
roi rac

Giai

L4y téng clia hang, cbt tuong tng ta thu dugc

X 1 2 Y 1 2 3
P(X =x) | 0.45 | 0.55 P(Y=x) | 0.25 | 0.30 | 0.45
Ta cbé
F(2,3)= > Y pij =pu +pi2 = 0.35.
z;<2y;<3
SAMI
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Luat phan phdi xac sut clia bién nglu nhién nhiéu chiéu Phan phbi xac suit cia bién ngiu nhién hai chiéu rdi rac

Phan phoi xac suat cua bién ngau nhién hai chiéu
roi rac

Cha y 3.1

@ Hai bién ngiu nhién X,Y duoc goi 13 déc I13p véi nhau néu ta cé

P(X =, Y =y;) = P(X =2:).P(Y =y;), Vi=T,m, j=T,n

@ Cic xac subt cé diéu kién van dugc tinh nhu thong thudng, tic la

P(X:.’B“ Y:yj)

P(X=£U1|Y:y]) = P(Y_y) hOéC
- 4
PX=wz;,YeD
P(X=xz;]Y €D) = P € D) )

Céng thic ciing tuong tu véi P (Y = y;| X =x;), P(Y =y;|X € D).

SAMI
_Bién ngiu nhién nhiéu chiéu 3rd July 2017 10 / 30
T T R R TR E IR R R TR R R ICTI  Phan phbi x4c suit cha bién ngdu nhién hai chiéu lién tuc
Al 5\. 7 5\ ? l;\ x AN e lA
Phan phoi xac suat cua bién ngau nhién hai chieu
lién tuc
Dinh nghia 3.4
Ham hai bién khéng am, lién tuc f(z,y) dugc goi 13 ham mat dé xdc sudt déng thoi
clia bién ng3u nhién hai chiéu lién tuc (X < Y) néu né thdéa man
P((X,Y)eD) = //f(:c,y)d:cdy VD C R (3.2)
D

Tinh chit

@ F(x,y) = /x /yf(u,v)dudv;

—+o00 400
° //f(w,y)divdy-
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Luat phan phdi xac sut clia bién nglu nhién nhiéu chiéu Phan phbi xac suit cia bién ngdu nhién hai chiéu lién tuc

Phan phoi xac suat cua bién ngau nhién hai chiéu

lién tuc

Tinh chét (tiép)

O°F(z,y)
oxdy '

@ Cic ham mat dd bién

® f(z,y) =

+oo
o theo x: fx(z)= / f(z,y)dy;

+o0
e ) = / s

@ Hai bién nglu nhién X va Y dugc goi |3 doc lap néu f(x,y) = fx(z).fy (y) Vz,y.

@ Ham mat d6 c6 diéu kién ctia X khi d3 biét Y = y:

v (zly) = :
- 7 fr(y)
I < 5o nhién nhiéu chiéu 3rd July 2017

Céac tham s d3c trung clia bién nglu nhién hai chiéu Ky vong va phuong sai clia cac thanh phin

Ky vong va phudng sai ciia cac thanh phan

Truong hop (X,Y) roi rac

@

EX = ZP(X =) =Y Y wipi; BY = ZyjP(Y =y;) = Zzyjpz'j

]

VX = Zfop” — (EX)2; VY = ZZy?ng — (EY)Q-
i g T g

12 / 30

Truong hop (X,Y) lién tuc

+oo +o0 + oo +o0o

EX = / /:c.f(:c,y)d:cdy; EY = / /y.f(:r:,y)d:cdy

— 00 — -0 —

400 +o0 400 400

VX = / /x2.f(:(:,y)da:dy—(EX)2; VY = / /yQ.f(x,y)da:dy—(EY)2.

—0 —O0 —0 —O0

I 50 nhien nhidu chidu 3rd July 2017
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Cac tham s d3c trung cla bién nglu nhién hai chiéu

Ky vong va phuong sai clia cic thanh phan

Ky vong va phudng sai ctia cac thanh phan

Chiay 4.1
D&i véi bién ngdu nhién Z = ¢g(X,Y) ta c6

400 +o0

EZ=F[g(X,Y)] = / /g(w,y)-f(x,y)dwdy

— 0 —O0

3rd July 2017

Céac tham s d3c trung clia bién nglu nhién hai chiéu

Hiép phuong sai va hé sb tuong quan

Hiép phuong sai va hé s6 tuong quan

Dinh nghia 4.1

Cho bién ngiu nhién hai chiéu (X,Y), hiép phuong sai ctia hai thanh phan X va Y, ki

hiéu 13 uxy , dugc xac dinh bdi

uxy = E[(X — EX)(Y — EY)] = E(XY) — EX.EY,

trong dé E(XY') dugc xac dinh theo cbng thiic

Yo D A dbi véi bién ngiu nhién rdi rac
R

E(XY)={ "o ) o
/ / xy.f(x,y), doéi véi bién ngiu nhién lién tuc

— 00 — OO

u
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(4.3)
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Cac tham s d3c trung cla bién nglu nhién hai chiéu

Hiép phuong sai va hé sb tucng quan

Hiép phuong sai va hé s6 tuong quan

Dinh nghia 4.2

Ta néi ring X va Y khéng tuong quan néu puxy = 0.

Nhan xét
Q@ uxy = Uyx,;

@ Phuong sai chinh |a trudng hop riéng cta hiép phuong sai
(VX =puxx, VY = puyy);

@ Néu X,Y dbc lap thita cé E(XY) = EX.EY.Khidé uxy =0, tlcla X vaY
khong tucng quan. VAy ta cé, néu hai bién ngiu nhién ddc 1ap thi khong tuong
quan. Diéu ngudc lai chua chic d3 dang.

u
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Céac tham s d3c trung clia bién nglu nhién hai chiéu

Hiép phuong sai va hé sb tuong quan

Hiép phuong sai va hé so tudng quan

Dinh nghia 4.3

Ma tran hiép phuong sai clia bién ng3u nhién hai chiéu (X,Y") dugc xéac dinh béi

T = HX X HXY
MY X HYY

Dinh nghia 4.4

Hé sé tuong quan cla hai bién ngdu nhién X va Y, ky hiéu 13 pxy va dugc x4c dinh
theo cong thic

PXY = . (4.4)

Chay 4.2
@ C6 thé chiing minh dugc |pxy| < 1. N&u pxy = £1 ta néi hai bién ngdu nhién X
va Y c¢é tuong quan tuyén tinh;

@ Néu pxy = 0 ta ndi hai bién ngau nhién X va Y la khong tuong quan.
I < 50 nhien nhiéu chidu 3rd July 2017
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Ham cda bién ngiu nhién Ham cla mét bién ngdu nhién

Ham cia mot bién ngau nhién

Néu ta xac dinh 13 mét ham cda bién ngiu nhién X thi Z trd thanh mét bién ngiu
nhién mdi. Ta sé tim ham phan phdi xac suat cho Z trong mot s6 trudng hop don gian.

Dinh nghia 5.1

Cho bién ngiu nhién X c6 ham phan phdi xic sust. Khi dé ham phan phdi xac sut cla
Z dugc xac dinh theo cich sau:

Fz(2)=P(Z<z)=P((g(X)<z)=P(X € D), (5.5)

trong d6 D = {z|g(x) < z}.
Tuy nhién tily vao tiing bai cé thé cé cic cach gidi ngin hon.

SAMI
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Ham cda bién ngiu nhién Ham cla mét bién ngdu nhién

Ham cia mot bién ngau nhién

Vi du 2

Cho bién nglu nhién X c6 bang phan phdi xac suit

X 1] 0] 1] 2 3
P(X=xz) | 01[02]03]02]02

Xac dinh luat phan phéi xac sudt cla Z = X2 va tim ky vong clha Z.

Giai

Tacé X € {—1,0,1,2,3}, suy ra Z € {0,1,4,9} véi cac xac suit tuong ting:

P(Z=0)=P(X=0)=02, P(Z=1)=P(X=1)+P(X=-1)=04;
P(X=4)=P(X=2)=02 P(Z=9)=P(X=3)=0.2.
Z 0 | 1L ] 4709

P(Z=2) | 0204|0202

Ky vong EZ = > zip; = 3.

—Bién ngiu nhién nhidu chidu 3rd July 2017 21 / 30




Ham cda bién ngiu nhién Ham cla mét bién ngdu nhién

Ham cia mot bién ngau nhién

Vidu 3

Thanh AB dai 10cm b8ng nhién bj giy 6 mét diém C bAt ky. Hai doan AC va BC
dugc dung 13m hai canh cla mét hinh chit nhat. Tim ham phan phdi x4c suit cta bién
ngau nhién chi dién tich hinh chit nhat dé.

Giai
Goi X I3 bién ng3u nhién chi d6 dai doan AC, ta c6 X ~ U(0;10). Goi Y I3 bién ngiu
nhién chi dién tich hinh chif nhat, ta c6 Y = X (10 — X). Do
X €(0;10) = Y = X(10 — X) € (0;25). Vay ta c6 ham phan phbi xac suit clia Y 13
0, y<o0
Fy(y) = :
YW= 4505
V6i 0 <y <25 tacéd

Fy(y)=P(Y <y)=P(X(10-X) <y) =P (X* - 10X +y > 0)
:P(X<5—\/25—y>+P<X>5+\/25—y)
_p 0<X<5—\/25—y)+P(10>X>5+\/25—y):5_— v25-Y

5
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Ham cda bién ngiu nhién Ham cda hai bién ngau nhién

Ham cua hai bién ngau nhién

Xét bién ng5u nhién Z = g(X,Y), trong dé6 (X Y) 13 bién ngiu nhién hai chiéu d3 biét
ludt phan phdi. Ta s& xét luat phan phbi x4c suit cia Z trong mét sb trudng hop don
gian theo cach sau:

Fz(z)=P(Z<2)=P(g(X,Y)<2)=P((X,Y) € D), |

trong d6 D {(z, y)|g(z,y) < z}.
D&i véi bién ngiu nhién hai chiéu lién tuc (X,Y) véi ham mat dé déng thai f(z,y) ta cb

P((X,Y)e D)= / f(z,y)dzdx,

déng thai ky vong

“+o00 400

EZ=FE(9(X,Y)) = / /g(w,y)-f(x,y)dwdy-

-0 —00
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Ham cda bién ngiu nhién Ham cda hai bién ngau nhién

Ham cuda hai bién ngau nhién

Vidu 4

Hai ngudi ban hen gip nhau & cdng vién trong khodng thdi gian tir 17h dén 18h. Ho hen
nhau néu ngudi nao dén trudc thi sé& dgi ngudi kia trong vong 10 phit. Sau 10 phat dgi
néu khéng gip s& vé. Thai diém dén caa hai ngudi 13 ngiu nhién va déc 1ap véi nhau
trong khodng thdi gian trén. Tinh xac suit hai ngudi gip dugc nhau.

Giai
Quy gbc thdi gian vé& ldc 17h. Goi X, Y 13 bién ngiu nhién chi thsi diém ngudi A, B
dén, ta cé X,Y ~ U(0;60). Do X,Y déc Iap nén chiing c6 ham mat dé dong thoi

foy) — L 3a050 @) € os60r

0, ngugc lai

. Goi Z 13 bién ngiu nhién chi khoang thdi gian giira
thdi diém hai ngudi dén. Ta c6 Z = |X — Y. Khi d6, x4c sult hai ngusi g3p nhau I3
P(Z<10)=P(|X-Y|<10)=P((X,Y) e D),

trong dé D 13 giao mién | X — Y| < 10 va hinh vudng [0; 60]°. Vay

Sp 1100 11

(7 —~ 10\ — _— — —
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Luat sb 16n va dinh Iy gidi han trung tAm [EERIEYEGEI

Luat sb 16n

B4t ding thic Trebyshev

Dinh Iy 1: Cho Y 13 bién nglu nhién khdng am. Khi d6 véi € > 0 tuy ¥ cho trudc ta cé:

E(Y?
PY >¢) < (62 )
Ching minh
Ta chiing minh cho trudng hop Y 13 bién ngiu nhién lién tuc.
400 —+ oo
1 1
PWZ@=/f@@=;/3ﬂww< [ sy
+ € € €
o1 _ EY?)
= .
O 4 V4
Tuy nhién diu bing khong thé ddng thdi xay ra & cd 2 ddu < nén ta c6 DPCM.

SAMI

1956
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Luat sb 16n va dinh Iy gidi han trung tam [ERIEYRGEL

B4t ding thirc Trebyshev

Dinh ly 2: Cho X 13 bién ngiu nhién c¢6 EX = p, VX = o2 hitu han. Khi dé véi € > 0

tuy y cho trudc ta cé:
2

g
PUX >0 < %

hay tuong ducng

Chdng minh

Ta chiing minh cho trudng hop X 13 bién ngiu nhién lién tuc.
Ta chican dat Y = | X — |, 1ap tic dp dung dinh ly 1 ta c6 DPCM.

SAMI

1956
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Luat sb 16n va dinh Iy gidi han trung tAm [EERIEYEGEI

Luat sb 16n

Ap dung dinh Iy 2 véi X = L5 X; ta cb luat s6 16n Trebyshev
i=1

Luit sb I6n Trebyshev

Néu diy cic bién ngiu nhién X1, Xo,...X,, ... déc 1ap, c6 ky vong hitu han va phuong
sai bj chin (VX; < C véi C 1 hing s6), khi d6 véi € > 0 tuy y cho truéc ta cé:

dim P |—ZX ——ZEX|<€

Hé qua

Néu day cac bién nglu nhién X1, Xs,...X,,, ... doc lap, ¢ cling ky vong (EX; = i) va
phuong sai bi chin (VX; < C véi C | hing s6), khi dé véi € > 0 tuy y cho truéc ta cé:

Jim P |—ZX pl<e)=1

A
1956
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Luat sb 16n va dinh ly gidi han trung tam Luit sb 16n

Luat so I6n Bernoulli

Ap dung luat s 16n Trebyshev véi trudng hop X; ~ B(1,p) chinh 13 sb 1an xdy ra A
trong phép thi thir 7 ta c6 ludt so I6n Bernoulli.

Luat so I6n Bernoulli

Xét n phép thir doc 1ap, cung diéu kién.

Trong mdi phép thi, xac sut x3y ra A ludn 13 p.
m 13 sb 13n x3y ra A trong n phép thu.

khi dé véi € > 0 tuy y cho trudc ta cé:

lim P(|— —pl<e) =1

n—-+oo

V6i luat sb 16n Bernoulli ta d3 ching minh dugc diéu thira nhan trong ph§n DINH
NGHIA XAC SUAT THEO THONG KE, dé 12 véi n — +oo thi = — p

u

SAMI

1956
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Luat sb 16n va dinh Iy gidi han trung tam Dinh ly gidi han trung tam

Dinh ly gidi han trung tam

Dinh ly gidi han trung tam
Giad st {X,, } 13 day bién ngiu nhién déc 1ap cling phan phdi véi EX; = p, VX; = o2.
it X, = Z X;. Khi dé véi n da 16n ta cé:

hay la

o

SAMI

1956

I <50 nhien nhidu chidu 3rd July 2017 30 / 30



o»

Chuong 4: Thong ké - Udc luong tham s

L& Xuan Ly M
Vién Toan itng dung va Tin hoc, DHBK Ha NG&i

Ha Noi, thang 8 nam 2014

1

SAMI

1956

M Email: lexuanly@gmail.com

L& Xuan Ly (SAMI-HUST) Théng ké - Uéc luong tham sb Ha Nbi, thang 8 nim 2014 1/33

IS0 (D T
~ ~
Tong the

Khi nghién cttu v& mdt vin dé ngudi ta thudng khao sit trén mét diu hidu ndo dé, cac
dau hiéu nay dugc thé hién trén nhiéu phan tu.
Dinh nghia 1.1

Tap hop cdc phan ti mang diu hiéu ta quan tdm duoc goi 13 téng thé hay dim déng
(population).

SAMI

1956
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i i i
Mot so ly do khong thé khao sat toan bo tong thé

@ Gidi han vé thoi gian, tai chinh: Vi du mudn khio sit xem chiéu cao clia thanh
nién VN hién nay cé tang Ién hay khong ta phai khdo sat toan bd thanh nién VN
(gia st 13 40 triéu ngudi). D& khao sat hét s& tén nhiéu thai gian va kinh phi. Ta
c6 thé khdo st mot triéu thanh nién VN, tir chidu cao trung binh thu dugc ta suy
ra chiéu cao trung binh cta ngusi VN.

@ Ph4 v& tdng thé nghién citu: Vi du ta cit vao kho N = 10000 hdp sdn phamva
mudn biét ty 18 hép hu sau 1 n3m bao quan. Ta phai kiém tra tiing hép dé xac dinh
s6 hop hu M = 300, ty 18 hdp hu trong kho 13 M/N. Mat hop san pham sau khi
kiém tra thi mit pham chit, va vi vay sau khi kiém tra c3 kho thi ciing "tiéu" ludn
kho. Ta c6 thé 14y ng3u nhién n = 100 hdp ra kiém tra, gid sit c6 m = 9 hdp bi hu.
Ty 1& hép hu 9% ta suy ra ty 1€ hdp hu cha cd kho.

@ Khong xac dinh dugc chinh xac téng thé: Vi du mudn khio sit ty 18 ngudi bi
nhidm HIV qua dudng tiém chich 13 bao nhiéu. T8ng thé Iic nay 13 toan bd ngudi
bi nhiém HIV, nhung ta khéng thé xac dinh chinh xac 13 bao nhiéu ngudi (nhiing
ngudi xét nghiém thi bénh vién biét, nhitng ngudi khéng xét nghiém thi ...). Do dé
ta chi biét mét phan téng thé. Ngoai ra sb ngudi bi nhiém HIV méi va bi chét d“
HIV thay doi lién tuc nén tdng thé thay doi lién tuc. Al

1956
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A X
Tap mau
Do dé ngudi ta nghi ra cich thay vi khdo st téng thé, ngudi ta chi cAn chon ra mét tap
nhé dé khdo sat va dua ra quyét dinh.
Dinh nghia 1.2

@ T3p miu la tip con cia t6’ng thé va c6 tinh chit tuong tu nhu t67ng thé.
@ S4 phan ti cia tip miu duoc goi 13 kich thudc miu.

Cau hoi: Lam sao chon dudc tip m3u cé tinh chit tuong tu nhu tc“;ng thé dé cac két “
ludn chia tdp mau cb thé dung cho tong thé 7 SAMI

1956
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T Al
Mot s6 cach chon mau co ban

Mot so cach chon mau

@ Chon m3u ngiu nhién cé hoan lai: LAy ngiu nhién 1 phan t& tir t8ng thé va khio
sat né. Sau d6 trd phan tir dé lai téng thé trudc khi ldy 1 phan ti khac. Tiép tuc
nhu thé n 1an ta thu dugc mét mau cé hoan lai gbm n phan t.

@ Chon miu ngiu nhién khéng hoan lai: Ly ng3u nhién 1 phan ti tur téng thé va
khao s4t né rdi d&€ qua mdt bén, khéng tra lai téng thé. Sau dé Iy ngiu nhién 1
phan ti khac, tiép tuc nhu thé n 1an ta thu dusc mét mau khdng hoan lai gdm n
phan tu.

@ Chon m3u phan nhém: Dau tién ta chia tap nén thanh cic nhém tuong dbi thuin
nhit, tr m8i nhém dé chon ra mét mau nglu nhién. Tap hop tit cd miu dé cho
ta mét mAu phan nhém. Phuong phap nay dung khi trong tap nén cé nhiing sai
khic 16n. Han ché 13 phu thudc vao viéc chia nhém.

@ Chon m3u c6 suy luan: dua trén y kién cla chuyén gia vé dbi tuong nghién cdu dé

chon mau.
4
V|
SAMI
1956
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-/3 lx ~ LAY
Bieu dién dir lieu
TU tdng thé ta trich ra tdp mau cb n phan t. Ta cé n so liéu.
Dang liét ké

Céc sb lidu thu duoc ta ghi lai thanh day sb liéu:

T1,T2,...,Tn

Dang rat gon
S6 lidu thu duoc cé su l3p di 13p lai mot s6 gia tri thi ta c6 dang rit gon sau:

@ Dang tin sb: (n1 +na + ...+ ng =n)

Giatri | z1 2 ... Tk

Tan so 1 N2 N ng

@ Dang tan sult: (pr = nk/n)

Gid tri r1i T2 ... Tk

Tan suit pP1 P2 ... Pk

L& Xuan Ly (SAMI-HUST) Théng ké - Udc lugng tham sb Ha Ngi, thang 8 n3m 2014 7 /33




M3u va théng ké mé t3 Biéu di2n di ligu

Biéu dién dit li

D>

u

Vi du dang rat gon

Ta c6 bang so liéu nhu sau:

Gia tri 1 2 3 4 5 6
Tan sb 10 15 30 20 14 11
Tansudt | 010 0.15 030 020 0.14 0.11

35
) /\
25

NN —
e ~

ml

uz

W3

ms

mb

SAMI
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Biéu dién di lieu
-/3 lx ~ .
Bieu dien du i

D>

u

Dang khoang

Dit liéu thu dugc nhin gia tri trong (a,b). Ta chia (a,b) thanh k mién con béi cac diém
chiaiap=a<a1 <az <..<ar_1 <ar =0>b.

@ Dang tin sb: (n1 +na + ...+ ng =n)

Gidtri | (a0 —ai] (a1 —a2] ... (ak—1—ag]
Tan sb ni N2 . Nk

@ Dang tan sut: (px = nx/n)

Gia tri (ap —ai] (a1 —az2] ... (ak—1 — ax]
Tan suit D1 D2 e Dk

@ Mbt sb vin dé chi y:
e k=5 —15.
e D3 dai cac khodng thudng chia bing nhau.

SAMI

1956
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M3u va théng ké mé ta Biéu di2n di ligu

Dang khoang

e Néu d6 dai cic khoing bing nhau ta cé thé chuyén vé dang rdt gon.

Gia tri r1 T2 ... Tk

T’a\‘n SUét D1 P2 ... Pk

Trong dé x; 1 diém dai dién cho (a;_1,a:] thudng dugc xac dinh 13 trung diém cla
mién: z; = 2 (ai—1 + ai)

e Dang rit gon thudng dugc thé hién bang dd thi dang dudng hodc dang hinh tron.
e Dang khoang thudng dugc thé hién bang dd thi dang hinh cot.

u

SAMI

1956

Lé Xuan Ly (SAMI-HUST) Théng ké - Usc lugng tham sb Ha N&i, thang 8 n3m 2014 10 / 33

M3au ngiu nhién va cic dic trung mau Mau ngau nhién

Mau ngau nhién

Téng thé dusc dic trung bdi diu hidu nghién ciiu X 13 mét bién ngiu nhién. Do dé khi
néi v& X 13 néi vé tdng thé.

Tu t(“;ng thé trich ra n phé\‘n tir 1Am mét tap miu. Ta cb 2 loai tAp mau: miu ng5u nhién
va miu cu thé

Goi X; 13 bién ngdu nhién chi gia tri thu dugc cta phan tir thit i,i =1,2,...,n. Ta ¢
X1,X2,...,X, 13 n bién ngau nhién déc 14p va cé cung phan phdi véi bién ngau nhién
X.

Dinh nghia 2.1

@ MJ3u nglu nhién: I3 vécto Wx = (X1, Xa,...,X,), trong dé mdi thanh phan X;
la mét bién ngau nhién. Cac bién ngau nhién nay déc 1ap va cé cung phan phdi
xdc suat vdi X.

@ MaAu cu thé: I3 vécto W, = (x1,x2,...,xy), trong dé méi thanh phé\n x; 1a mét
gia tri cu thé.

@ VG mét miu ngdu nhién thi ¢é nhiéu m3u cu thé dng véi cc lan 1y miu khic
nhau.

o
SAMI

1956
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Mau ngiu nhién va cic dic trung mau

Mau ngau nhién

Vidul

Mot ké chira cac dia nhac vdi gid nhu sa

u:

Mau ngau nhién

Gia (ngan déng)

20

25 30 34 40

Sé dia

35

10 25 17 13

Ta can /5y 4 dia c6 hoan lai dé kh3o sat.
Ta xét trong 2 truong hop:

@ Xét vé mit dinh luong: gid cda timg dia 13 bao nhiéu?

@ Xét vé mit dinh tinh: dia dé cé phai dia l3u khéng?
(Dia lau 13 dia c6 gid dudi 25 ngan déng)

v

L& Xuan Ly (SAMI-HUST) Théng ké - Uéc luong tham sb

Mau ngau nhién va cidc dic trung m

au

Mau ngau nhién

Xét téng thé vé mit dinh luogng

L3y ng3u nhién mdt dia nhac trong ké. Goi X 13 gid cha dia nhac ndy. Ta c6 bang phan

phoi xac suat cia X.

Mau ngau nhién

30 34 40

X | 20 25
P 0,35 0,10

0,25 0,17 0,13

() Léy nggu nhién cé hoan lai 4 dia nhac tur ké.
Goi X; la gia cha dia nhac th ¢ 13y dugc, ¢ = 1, 2, 3, 4.

@ Ta thiy cic bién X; ddc 1ap va cé cling phan phbi xac sult véi X.

@ Tacé Wx = (X1, X2, X3, X4) 12 mét miu ngiu nhién.

@ Bay gid ta kh3o sat gid cu thé cla 4 dia liy ra, ta thiy:

e Dia 1: gi4 20 ngan déng
e Dia 2: gi4 30 ngan déng
e Dia 3: gi4 20 ngan déng
e Dia 4: gi4 40 ngan déng

Lap W, = (x1,za, 3, 4) = (20,30, 20,40), day 13 m3u cu thé.

Ha N&i, thang 8 nam 2014

u

SAMI

1956
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Mau ngiu nhién va cic dic trung mau Mau ngau nhién

Mau ngau nhién

Xét téng thé vé mit dinh tinh

Dia c6 gid dudi 25 ngan déng |3 dia "lau". LAy ngdu nhién mét dia tir ké.
Goi X la s6 dia lau lay dugc.

X 0 1
P | 0,65 0,35

() Léy nggu nhién cé hoan lai 4 dia nhac tur ké.
Goi X; la s6 dia lau lay dugc khi lay mét dia lan tha 4, i = 1,2, 3, 4.
@ Ta thiy cic bién X; ddc 1ap va cé cling phan phdi xac sult véi X.
@ Tacé Wx = (X1, X2, X3, X4) 12 moét miu ngiu nhién.
@ Bay gid ta kh3o sat gid cu thé cla 4 dia liy ra, ta thiy:
e Dia 1: gid 20 ngan dong — =1 =1
e Dia 2: gid 30 ngan dong — z2 =0
e Dia 3: gid 20 ngan dong — z3 =1
e Dia 4: gid 40 ngan dong — x4 =0
Lap W, = (21,72, 23,74) = (1,0, 1,0), ddy 1a m3u cu thé.
[ Lexuin Ly (SAMIHUST) (YT pemree Ha NG, thing 6 nam 2014 15/ 33

M3&u ngau nhién va cic dic trung mau Céc diac trung mau

Cac dic trung mau

Théng ké

Cho (X1, X2, ..., X») 13 m&t m3u ngiu nhién.
Bién ngiu nhién Y = g(X1, X2, ..., X,,) (V6i g 13 mdt ham nao dé) dugc goi 1a mot
théng ké

Céac tham sb diac trung

@ Xét t67ng thé vé mit dinh luong: té‘;ng thé dugc dic trung bdi diu hiéu nghién clu
X, (X 13 bién ng3u nhién). Ta cé:
e Trung binh t(’gng thé: EX = W
e Phuong sai téng thé: VX = o2
e Db l&ch chuin cia tc“;ng thé: o.

@ Xét téng thé vé mit dinh tinh: t8ng thé cé kich thuécN, trong dé c6 M phan ti
c6 tinh chat A. Khi dé p = M/N goi la ty I& x3y ra A cla tdng thé.

v
—d
SAMI

1956
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M3&u ngau nhién va cic dic trung mau Céc dac trung mau

Cac dic trung mau

Trung binh mau
Cho (X1, X2, ..., X») 13 m&t m3u ngiu nhién.

@ Thdng ké - Trung binh mau ngiu nhién:

X =

S|

>
i=1

@ MA3u ngiu nhién (X1, Xo,..., X5) cb mAu cu thé (z1,%2, ..., Ty thi X nhan gia tri:

Z dugc goi 13 trung binh miu.

n
Néu mau dang rat gon thi: 7 = % > e
i=1

o
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M3&u ngau nhién va cic dic trung mau Céc diac trung mau

Cac dic trung mau

Phuong sai mau(chua hiéu chinh)
Cho (X1, X2, ..., X,,) 12 mot miu ngiu nhién.

@ Théng ké - Phuong sai miu ngiu nhién:

i=1
S? dugc goi |a Phuang sai mau (chua higu chinh).

@ Vin dé: E(S?) = n—_102
n

v
SAMI
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M3&u ngau nhién va cic dic trung mau Céc dac trung mau

Cac dic trung mau

Phuong sai miu hiéu chinh
Ta phai hiéu chinh di dé thu duoc gia tri thay thé o2 tbt hon.

@ Thdng ké - Phudng sai mau ngiu nhién hiéu chinh:

@ MA3u ngiu nhién (X1, X2,..., X5) cb mA3u cu thé (1,22, ..., Ty thi s? nhan gia tri:

s? duoc goi 13 Phuong sai mau hiéu chinh.

@ s dugc goi |3 d6 léch chuan mau hiéu chinh.

o

A
SAMI
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M3u ngiu nhién va cac dic trung mau Uéc lugng diém

Udc lugng diém

Van dé

Cho bién nglu nhién gbc X c6 phan phdi xac suit di biét nhung chua biét tham sb 6
nao dé.

M3u sb liéu thu thap dugc clia X 13: (z1, 2, ..., Tn).

Khi d6 0 = g(z1, 2, ..., ) dudc goi 13 mét uéc luong diém ctia 6

Mubn biét uéc luong nay tbt hay x4u ta phai so sanh véi 6.

Uédc lugng khéng chéch

Théng ké 6 dugc goi 13 uSc luong khdng chéch ctia 6 néu thod man: E6 = 6

Két qua

Cho bién ngiu nhién X c¢6 EX = i, VX = o%. M3u s6 liéu quan sat (z1, a2, ..., Tn).
Khi dé ta cé két qua:

@ Udc lugng khéng chéch cho p la:

@ Uéc luong khodng chéch cho o2 1a: s?

v
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M3u ngiu nhién va cic dic trung mau Uéc lugng diém

Xac dinh uéc ludng diém

Vi du 2

Diéu tra nang sudt lta trén dién tich 100 hécta trcA;ng ltia cua mét viing, ta thu dugc
bang sé liéu sau:

Ning sudt (ta/ha) 41 44 45 46 48 52 54
S ha c6 ning sult tuong dng | 10 20 30 15 10 10 5

a. Tinh trung binh m3u, dé léch chuidn m3u hiéu chinh.

b. Nhiing thia ruéng cé ndng sudt tir 48 ta/ha trd Ién 13 nhiing thida rudng cé nang suat
cao. Tinh trung binh m3u, dé léch chudn m3u hiéu chinh ciia nhiing thifa ruéng cé ning
sudt cao.

v

l
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T = 46; s = 3,30

M3u ngiu nhién va cac dic trung mau Uéc lugng diém

Xac dinh udc luong diém

Vidu 3

7' N /I\ N\, " yé /,\ -
Quan sat tudi tho ctia mét s6 nguoi ta c6 bang soé liéu sau:

Tudi(ndm) | 20-30 30-40 40-50 50-60
S6 nguoi 5 14 25 6

Tinh trung binh m3u, dé léch chudn m3u hiéu chinh ctia bién ngiu nhién X chi tubi tho
ctia con ngudi.

v

T =41,4;5 = 8,271

1
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e s i o ) v
Uéc lugng khoang

@ Cho bién ngiu nhién X c6 EX = u, VX = o2
M3u cu thé clia X 13 (21,22, ..., Zn)
Chii y: ndu ¢ miu n < 30 thi ta phai thém diéu kién X ~ N(u,0?).

@ Bai toan dit ra 13 tim khodng udc lugng cho 1 véi xéc subt xdy ra bing (1 — o)

cho truéc. Diéu dé tuong ducng véi viéc tim khoadng (a, b) sao cho:
Pla<pu<b=1—a

(a,b) dugc goi la khodng tin ciy (hoidc khoadng uéc lugng) cla .

o
e (1 — ) dugc goi la d6 tin cdy.

L& Xuan Ly (SAMI-HUST) Théng ké - Uéc lugng tham sb Ha N&i, thang 8 nim 2014

Ude ugng Khosng cho ky von
Uéc lurgng khoang cho ky vong

Trudng hop 1: o d3 biét

7z X —_—
@ Chon théng k&: Z = K /m~ N(0;1)
g

@ Xét cap so khéng am a1, a2 thod man: a1 + a2 = « va cac phan vij chuan tac

Uaqy) Ul—aqg -

e P(Z < uqa,) = 1. Do tinh chit clia phan phéi chuin tic: wa, = —u1_q,
o P(Z <uUi—ay) =1—a2

Suy ra P(—ui—a, < Z < Ui-ay) = P(ta; < Z < Ui—ay)
=P(Z<Ul—ay) —P(Z<Unp,)=1—a2—a1 =1—«

X —
'u\/ﬁ < Ul—aQ)

o 1 — = P(_ul—al < Z < ul—a2) = P(_Ul—al < o

= P(Y—ul_%% <p< 7+u1_a1%)

@ T miu cu thé (z1,x2,..,Tn), ta cd khodng udc lugng cho p véi do tin cdy 1 — «

la:
_ o
;ZC+’U/1_Q1 )

E - p N

Nhu vay cé vd sb khodng uéc luong cho L.

L& Xuan Ly (SAMI-HUST) Théng ké - Uéc luong tham sb Ha N&i, thang 8 nim 2014
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Udc ugng khosng cho ky von
Uéc lurgng khoang cho ky vong

Trudng hop 1: o d3 biét

@ Khoang uéc lugng dbi xiing (a1 = a2 = a/2):

_ o _ o . _ _ o
(.CC — Ul_% %,ZC -+ u1_§ %) 5 ham Iaplace. (b(ul_g) = O, o — 5
yd U - \ A 7 e ? 7/,
trong dé € = uy_ o — goi |a dé chinh xdc cia udc lugong.
2 \/ﬁ
Cha y: Khoang ddi xiing 13 khodng uéc lugng c6 dd dai ngdn nhat.
@ Khoang udc lugng mét phia (a1 = a; a2 = 0):
— O- \
(—00; T — u1—a——) |, ham laplace: ¢p(ui—o) =0,5 — «
NZD
@ Khoang udc lugng mét phia (a1 = 0; 2 = @):
— O- \
(T — ul_aT; +00) |, ham laplace: ¢p(ui—a) = 0,5 — «
n
v
ST ér: < - Usc luong tham sb Ha Noi, thing 8 nim 2014 26 / 33

Udc ugng khosng cho ky von
Uéc lurgng khoang cho ky vong

Vi du

Doanh thu clia mdt cta hang 13 bién nglu nhién X (triéu/thang) cé do léch chuin 2
triéu/thang. Diéu tra ngiu nhién doanh thu ctia 500 cifa hang c6 qui md tuong tu nhau
ta tinh dugc doanh thu trung binh la 10 triéu/thang. Véi d6 tin cdy 95% hay uéc lugng
khoang cho doanh thu trung binh ctia cita hang thudc qui mé dé.

Bai lam
@ X I3 doanh thu cla cia hang loai dang xét, EX = p , VX = o2 véi o =2
z X —
Chon théng k& Z = =——F /n ~ N(0;1)

(o2

@ Khoang uéc luong dbi xdng cho doanh thu trung binh p la:
_ o _ o
(T—uw-g—=;T+ui_g %)

@ Véix =10,0 = 2,n = 500
1—a:O,95:>oz:0,05:>u1_% = UQ,975 = 1,96

B

@ Thay cic sb lidu vao khoang trén ta cé két qua: (9,825 ; 10,175)
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Ude ugng Khosng cho ky von
Uéc lurgng khoang cho ky vong

Trudng hop 2: o chua biét

Do o chua biét nén ta thay thé bing s.

p X —
@ Chonthéngké: Z = =—E /n~t(n—1)
S

@ Lam tuong tu nhu trudng hop 1, ta chi thay phan vi chuin bang phan vi Student.

@ M3u cu thé (x1,x2,..,Tn), ta cé khodng udc lugng cho u véi do tin cdy 1 — « la:

)

(E—t(n—l,l—ag)i;f—l—t(n—l,l—al)

Jn

2l

@ Chay:
n > 30 thi phan phéi chun va phan phdi student bac tu do (n—1)cé thé coi 13
mot.

2 » p X —
Do dé ndu n > 30 ta c6 thé chon théng ké&: Z = E . /n~N(0;1)

s
Khoang udc lugng cho p véi dd tin cdy 1 — « la:

@ — T+ )

ZC—Ul_azT;ﬂf Ul—ay —F—=

n N4D

Lé Xuan Ly (SAMI-HUST) Théng ké - Usc lugng tham sb Ha Nbi, thang 8 n3m 2014 28 / 33

Ude ugng Khosng cho ky von
Uéc lurgng khoang cho ky vong

Trudng hop 2: o chua biét

@ Khoang uéc lugng dbi xing (a1 = o = a/2):

@—tn—1,1-2)

5 (n—1,1-

w\LQ
S

s
—— W=k
Vn o

@ Khoang udc lugng mét phia (a1 = ;a2 = 0):

(—o00;T—t(n—1,1— )

Sl

@ Khoang udc lugng mét phia (a1 = 0; 2 = @):

F—t(n—1,1— a)%;-l—oo)

4
SAMI
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Udc ugng khosng cho ky von
Uéc lurgng khoang cho ky vong

Vi du

Vi du trudc sé hop vdi thuc té hon néu ta sia lai nhu sau:

Doanh thu clia mét cita hang I3 bién ngiu nhién X (triéu/thang). Diéu tra ngiu nhién
doanh thu cta 500 clra hang cé qui md tuong tu nhau ta tinh dugc doanh thu trung
binh 1a 10 triéu/thang va do Iéch chuidn mAu hiéu chinh 13 2 triéu/thang. Véi d6 tin ciy
95% hay udc lugng khodng cho doanh thu trung binh clia ctta hang thubéc qui mé dé.

Bai lam
@ X(triéu/thang) la doanh thu cla clfa hang loai dang xét, EX = p, VX = o2
Chon théng ké&: Z = X - ’u\/ﬁ ~t(n—1)
s

@ Khoang udc luong dbi xting cho doanh thu trung binh g Ia:

E—tn—1,1-5) =7+t —1,1-5)—)

@ V6i T = 10,5 = 2,n = 500
1—a=0,95=a=0,05=t(n—1,1—2)=#(499;0,975) = 1,96

@ Thay cic so liéu vao khodng trén ta cé két qua: (9,825 ; 10,175)
V.
L& Xuan Ly (SAMI-HUST) Théng ké - Udc luong tham sb Ha N&i, thang 8 ndm 2014 30 / 33

e ugng khodng cho 1 1
Udc lugng khodng cho ty 1€

Bai toan

X4c subt x3y ra su kién A 13 p.

Do khéng biét p nén ngudi ta thuc hién n phép thi déc 1ap, cung diéu kién.
Trong dé cé m phép thir xay ra A.

f =m/n |3 ubc lugng diém khdng chéch cho p.

Cau haéi: Véi db tin cdy (1 — a) hdy udc lugng khodng cho p.

Cach giai quyét: tuong tu cach lam cho ky vong

@ Chon théng ké&: Z = \/17\/_~ N(0;1)
@ Tuy nhién do khé gidi quyét nén ngch‘ji ta thay p dudi miu bdi f cho dé& tinh.
Théng ké trd thanh: Z = /= \/‘ ~ N(0;1)

/(1 —
@ MAu cu thé (r1,x2,..,Tn), ta c khoang uéc lugng cho p véi dd tin cdy 1 — « la:
1— 1—
(f J— ul—OLQ u, f + ul—Oél u)

n n
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Usc uang khoing cho 1 1
Udc luong khoang cho ty Ié

Cac truong hdp udc lugng hay dung

@ Khoang uéc lugng dbi xiing (a1 = a2 = a/2):

B g

@ Khoang udc lugng mét phia (a1 = a; a2 = 0):

f(l_f))

n

(_OO§ fHui—q

@ Khoang udc lugng mét phia (a1 = 0; 2 = @):

@ Chay: Do ty 1& chi nhan gia tri tir 0 d&n 1 nén ta c6 thé thay gid tri —oo bang 0

v3 +oo bing 1 trong khodng uéc lusng mét phia.
L& Xuin Ly (SAMI-HUST) Théng ké - Uéc lugng tham sb Ha N&i, thdng 8 ndm 2014 32 /33

e ugng khodng cho 1 1
Udc lugng khodng cho ty 1€

Vi du

Tai mét bén xe, kiém tra nglu nhién 100 xe thiy cé 30 xe xult phat diing gid. Vi do
tin cdy 95% hay uéc lugng khodng cho ty 1€ xe xuat phat ding gis.

Bai lam

@ Goi p 12 ty & xe xult phat dang gid.

Chon théng ké&: Z = ]‘Cf(l = )\/_ ~ N(0;1)

@ Khoang udc lugng dbi xting cho ty 18 xe xuit phat ding gid a:

e T

@ Véin=100,m =30= f=m/n=0,3
1—Oé_0 95:>04_0 05 = u;_ a—U0975—196

@ Thay céc sb liéu vao khodng trén ta cé két qua: (0,21 ; 0,39)
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Chuong 5: Kiém dinh gia thuyét

L& Xuan Ly
Vién Toan dng dung va Tin hoc, DHBK Ha Nai

Ha N&i, thang 8 nam 2014

D Email: lexuanly@gmail.com

L& Xuin Ly (SAMI-HUST) Théng ké - Kiém dinh gia thuyét Ha N&i, thang 8 nam 2014

TR AUE T  Kiém dinh cho ky vong

Kiém dinh gia thuyét cho ky vong

@ Gi3 thuyét théng ké&: Trong nhiéu linh vuc cta d&i sbng kinh t& x3 hdi, chdng ta
thudng néu ra cdc nhan xét khic nhau vé doi tugng quan tdm. Nhiing nhan xét
nhu vy c6 thé ding hodc sai. Van dé kiém tra tinh ding sai clia nhan xét sé dugc

goi 13 kiém dinh.

@ Kiém dinh gia thuyét 13 bai todn di xac dinh cé nén chip nhan hay bic bdé mét

khgng dinh vé gia tri cia mdt tham sb cla tc“;ng thé.

SAMI

1956

1/32

Bai toan

@ Cho bién nglu nhién X c6 EX =, VX = 0.
M3u cu thé cla X 13 (z1,22,..., Tn)
Chi y: néu ¢ mau n < 30 thi ta phdi thém diéu kién X ~ N(u,o?).

@ Bai to4n dit ra |3 ta cin so sinh gi4 tri ky vong p véi mdt sb o cho trudce.

Gid thuyét Ho || p=po || p<po || > po
D&i thuyét Hy || pw#po || o> po || 1 < po

@ Tuy nhién do gia thuyét ludn c6 diu "=" nén ngudi ta chi can viét gia thuyét

Ho : pt = po

Lé Xuin Ly (SAMI-HUST) Théng ké - Kiém dinh gia thuyét Ha N&i, thang 8 nam 2014
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TR AET  Kiém dinh cho ky vong

Kiém dinh gia thuyét mét mau

Cach giai quyét
@ T bd sb liéu d3 cho z1, za, ..., T, ta tinh dugc gid tri quan sat k.

@ Ta chia dudc truc sb thanh 2 phé\‘n, trong d6 mét ph§n la W,
+) Néu X € W, thi bdc bé Hy va chap nhian H;
+) Néu X ¢ W, thi ta khong cé co s6 bac bé Hy

Sai 1am mic phai
Cé 2 loai sai 1dm ¢ 6 thé mic phai
@ Sai I1Am loai 1: Bc bd H, trong khi Hy ding.
Xac sudt xay ra sai lam loai 1: a = P(k € W,|Ho ding)
a dugc goi la mirc y nghia
@ Sai lam loai 2: ChAp nhan Hy trong khi Hj sai.
X&c suat xdy ra sai 1am loai 2: 8 = P(k ¢ W4|Hy sai)
@ Muc tiéu 13 cuc tiéu ca 2 sai 1Am, tuy nhién didu d6 13 rit khé khin. Ngudi ta chon
cach co dinh sai 1am loai 1 va cuc tiéu sai 1am loai 2.

v

L& Xuin Ly (SAMI-HUST) Théng ké - Kiém dinh gia thuyét Ha N&i, thdng 8 ndm 2014 4 /32

TR AUE T  Kiém dinh cho ky vong

Kiém dinh gia thuyét mét mau

v
Bén chit tong thé

T ol

Chap nhan H, Quyét dinh diing

Quyét dinh ding

Quan hé cda thuc té& va quyét dinh todn hoc

1

SAMI

1956
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TR AET  Kiém dinh cho ky vong

Kiém dinh gia thuyét mét mau

Céac budc 1am mét bai kiém dinh
@ Budc 1: Goi bién ngiu nhién, xay dung cip gia thuyét - di thuyét

@ Budc 2: Chon tiéu chuan kiém dinh
Tinh gid tri quan sat &k

@ Budc 3: X4c dinh mién bic bd Hy : W,
@ Budc 4: Kiém tra xem gia tri quan sat k € W, hay khdéng va ra quyét dinh.

L& Xuan Ly (SAMI-HUST) Théng ké - Kiém dinh gia thuyét Ha N&i, thang 8 nim 2014

TR AUE T  Kiém dinh cho ky vong

Kiém dinh cho ky vong - o2 d3 biét

Trudng hop 1: o2 da biét

2 2 Y - A A
@ Chon tidu chuin kiém dinh: | Z = =—F° /n ~ N(0;1) | ndu gia thuyét H, ding.
o

\ X e Ve s . s f_
@ TU mau cu thé (z1,x2,..,z,), ta tinh dugc gia tri quan sat: k = Ho Vn

SAMI

1956

6/ 32

o
@ Mién bac bd H, dugc xac dinh cho 3 trudng hgp nhu sau:
Hy H, Mién bac bé Hy : W,
p=po | p#po | (=005 —us_a)U (u;_a;+00)
L p=po | p>po | (u1-a; +00) |
| U= o | 1< o | (—00; —U1—0) |
SI;;\SIEVII
TS0l e k@ - Kiém dinh gia thuyét Ha Nai, thang 8 nim 2014 7/ 32



TR AET  Kiém dinh cho ky vong
Kiém dinh cho ky vong - ¢* da biét

Vi du

Doanh thu cia mdt ctra hang 13 bién ngiu nhién X (triéu/thang) cé do léch chuan 2
triéu/thang. Diéu tra ngiu nhién doanh thu ctia 500 ctfa hang ¢ qui md tuong tu nhau
ta tinh dudc doanh thu trung binh 13 10 triéu/thing. C6 ngudi cho ring thu nhap trung
binh clia clta hang loai d6 phai trén 9 triéu/thang. Véi mic y nghia 5% c6 thé két luan
gl v& nhan xét trén.

Bai lam

@ X |3 doanh thu clia clra hang loai dang xét, EX =, VX =02 véi 0 = 2
C3p gia thuyét: Ho : = po va H1 : > po (V6i po = 9)

@ Chon tiéu chuan kiém dinh: Z = M\/ﬁ ~ N(0;1) néu H, diing

o
T — 10—-9
TR = S— V500 = 11,18
o
@ Véi a = 0,05, mién bic bd Hyp:
Wa = (u1-a;+00) = (uo,95; +00) = (1,645; +00)

@ Do k € W, nén ta bic bé Hy va chép nhan H;. Nghia |a nhan xét dé Ia ding

B IO SOl T 6ne k@ - Kiém dinh gia thuyét Ha N&i, thang 8 n3m 2014 8 /32

Gia tri quan sat k =

TR AUE T  Kiém dinh cho ky vong

Kiém dinh cho ky vong - o2 chua biét

Trudng hop 2: o2 chua biét

Do o chua biét nén ta thay thé bing s.

:Y_IJ/O
S

@ Chon tiéu chuan kiém dinh: | Z

Vn ~ t(n — 1) | néu gia thuyét Hy ding.

\ X A Ve s . e E_
@ TU mau cu thé (z1,x2,..,z,), ta tinh dugc gia tri quan sat: k = 1o NZD

S
@ Mién bic bdé Hy ducc xac dinh cho 3 truong hgp nhu sau:
Hy H, Mién bac bd Hy : W

| w=po | p#po | (—oo;—t(n—1;1—2)U(t(n—1;1 — 2);400) |

[ =po [ p>po ] (t(n —1;1 — a); +00) |

[ n=po [ p<po ] (=00 —t(n —1;1—a)) |
- uf
SAMI

1956
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TR AET  Kiém dinh cho ky vong

Kiém dinh cho ky vong - o2 chua biét

Cha y

N&u n > 30 thi ta c6 thé chuyén tir tiéu chuin kiém dinh theo phan phbi Student sang
phan phoi chuan, nghia la ta c6 thé dung :

:Y_'UIO
S

@ Chon tiéu chuin kiém dinh: | Z Vv ~ N(0;1) | néu giad thuyét Hy diing.

N X ~ , 0z . , T —
@ TU mau cu thé (z1,x2,..,z,), ta tinh dugc gia tri quan sat: k = Ho Vn
S

@ Mién bac bd H, dugc xac dinh cho 3 truong hgp nhu sau:

Ho H, Mién bac bé Ho : W,
p=po | p# po | (—00;—u1_a)U (ui_a;+00)
L p=po | p>po | (u1-a; +00) |
| H = Mo | n < Ho | (—003 _ul—a) | )
TGS SN e k@ - Kiém dinh gia thuyét Ha N&i, thing 8 ndm 2014 10 / 32

TR AUE T  Kiém dinh cho ky vong

Kiém dinh cho ky vong - o2 chua biét

Vi du: Vi du trudc sé dudgc siva hop véi thuc té hon

Doanh thu clia mdt cita hang |3 bién ngiu nhién X (triéu/thang). Diéu tra ngiu nhién
doanh thu ctia 500 clra hang cé qui md tuong tu nhau ta tinh dugc doanh thu trung
binh 1a 10 triéu/thang va do léch chuidn mAu hiéu chinh 13 2 triéu/thang. Cé ngudsi cho
rang thu nhap trung binh clia clra hang loai dé phai trén 9 triéu/thang. V&i miic y nghia
5% c6 thé két luin gi vé& nhan xét trén.

v

Bai lam

@ X 13 doanh thu clia clra hang loai dang xét, EX =, VX = o2
C3p gia thuyét: Ho : = po va H1 : > po (V6i po = 9)

@ Chon tiéu chuin kiém dinh: Z = X — o

S
T — o 10-9
slu vn = 2

@ Véi a = 0,05, mién bic béd Hop:

Wo = (t(n — 1;1 — a); +00) = (£(499; 0, 95); +00) = (1, 645; +-00)
@ Do k € W, nén ta bac bd Hy va chdp nhan Hi. Nghia 13 nhan xét dé 13 ddng
B O S Ol " 6ne ké - Kiém dinh gia thuyét Ha Nai, thang 8 nim 2014 11/ ;2

v ~t(n —1) néu Hy diing
V500 = 11,18

Gia tri quan sat k =




TR AET  Kiém dinh cho ky vong

Kiém dinh cho ky vong - o2 chua biét

Cha y

Do n > 30 nén ta hodn todn cé thé chuyén phan phbi Student thanh phan phdi chuan.
Bai gidi cé thé lam nhu sau:

Bai lam

@ X |3 doanh thu cla ctra hang loai dang xét, EX =, VX = o2
Cap gia thuyét: Ho : = po va Hi : pu > po (V6i po = 9)

. 2 .2 . 7 — 7
@ Chon tidu chudn kiém dinh: | Z = 2 —H% /n ~ N(0;1) | ndu Ho dtng
S

Gia tri quan sit k = i _MO\/ﬁ: 102_ 9\/500 =11,18
s
@ Véi a = 0,05, mién bic bd Hyp:
Wa = (u1-a; +00) = (u0,95; +00) = (1,645; +-00)

@ Do k € W, nén ta bic bé Hyp va chép nhan Hi. Nghia |a nhan xét dé la ding

L& Xuin Ly (SAMI-HUST) Théng ké - Kiém dinh gia thuyét Ha Néi, thdng 8 ndm 2014 12 / 32

Kiém dinh gi3 thuyét mét miu PRSEUETIRRAL

Kiém dinh cho ty Ié

Bai toan

Xdac subt xay ra su kién A 13 p.

Do khdng biét p nén ngudi ta thuc hién n phép thi déc 1ap, cling diéu kién.
Trong d6 cé m phép thir xay ra A.

f = m/n |3 udc lugng diém khéng chéch cho p.

Cau hoi: Hay so sanh p véi gia tri po cho trudc.

Cach giai quyét: tuong tu cach 1am cho ky vong

@ Bai todn dit ra |2 ta cn so sénh p véi gis tri po cho trudc.

Gia thuyét Hy P = Po p<po || P> po
Dbi thuyét H; P # Do P > Po p < po

@ Tuy nhién do gid thuyét ludn c6 diu "=" nén ngudi ta chi can viét gid thuyét
Ho : p=po

v

SAMI

1956
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Kiém dinh gi3 thuyét mét miu PRSEUETIRRVAL

Kiém dinh gia thuyét cho ty &

Cach giai quyét

@ Cach x(r ly tuong tu nhu véi ky vong

@ Chon tiéu chuin kiém dinh: | Z = J —po vn ~ N(0;1) néu gid thuyét Hy
Po(1 — po
ding.
@ Tu mau thu thap, ta tinh dudc gia tri quan sat: k = Z = S —po /1 Vi
. po(1 — po)
f==
n

@ Mién bac bd H, dugc xac dinh cho 3 truong hgp nhu sau:

Hy H, Mién bac bé Ho : W
p=po | p#po | (—00;—ui_a)U (u1_g;+00)
| p=po | p>po | (U1—a; +00) |
[ p=po [ P<po | (—00; —u1_a) |
v
TS Ol e k@ - Kiém dinh gia thuyét Ha N&i, thang 8 nam 2014 14 / 32

Kiém dinh gi3 thuyét mét miu PRSEUETIRRAL

kiém dinh cho ty I&

Vi du

Tai mét bén xe, kiém tra ngau nhién 100 xe thiy cé 35 xe xult phat ding gid. V6i mic
y nghia 5% c6 thé khing dinh duodc ring ty |8 xe xuit phét ding gid thp hon 40% hay
khong?

Bai lam

@ Goi p 12 ty & xe xult phat ding gid.
C3p gid thuyét: Ho : p =po va Hi : p < po (V6i po = 0,4)

@ Tiéu chuin kiém dinh: | Z = f — po Vvn ~ N(0;1) | néu gia thuyét Hy ding.
po(1 — po)
e . J — Ppo 35/100 — 0, 4
Gié tri quan sat k = Vn = V100 = —1,02
po(l —po) \/0,4-0,6

@ Véi a = 0,05, mién bic béd Hyp:
Wa = (—00; —u1-a) = (—00; —u0,95) = (—00; —1,645)

@ Do k ¢ W, nén ta khdng cé co s bac bé Hy. Nghia la khong thé khang dinh.
4
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TR RUET  Kiém dinh cho phuong sai

Kiém dinh cho phudng sai

Bai toan

Cho bién ngiu nhién X c¢6 EX = u, VX = o°.

M3u cu thé clia X 13 (21,22, ..., Tn)

Chi y: néu c8 m3u n < 30 thi ta phai thém diéu kién X ~ N(p, o?).
Cau hoi: Hay so sanh o2 véi gia tri og cho trudc.

Cach giai quyét

@ Bai toan dit ra |3 ta can so sanh o2 Véi gia tri 0(2) cho truéc.

Gia thuyét Hy || 02 =02 || 0?2 <ot || 0% > o?
Dbi thuyét H, || 0> #02 || 02 > 02 || 02 < ot
@ Tuy nhién do gia thuyét ludn c6 diu "=" nén ngudi ta chi can viét gid thuyét
Hy: 0% =02
o
—)d
SAMI
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TR RUET  Kiém dinh cho phuong sai

Kiém dinh cho phudng sai

Cach lam
. L2 —1)s? A x4 ,
@ Tiéu chuan kiém dinh: | Z = u ~ x*(n —1) | néu gia thuyét Hy ding.
90
N X R p 5 4 . L, (’fb — 1)82
@ Tiu mau cu thé (z1,x2,..,2,), ta tinh dugc gid tri quan sat: k = ~———
90

@ Mién bac bd Hy dugc xac dinh cho 3 truong hgp nhu sau:

Hy H, Mién béc bd Hy : W,
oc’=0§ | 0°#a; | (0; Xi_l;%) U (X?L—l;l—%; +00)
| o’ = 0(2) | o > 0(2) | (X?L—l;l—a;—'_oo) |
| o

“=o05 | 0" <oy | (=00 Xn—1;0) |

&
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TR RUET  Kiém dinh cho phuong sai

kiém dinh cho phudng sai

Vi du

Do dudng kinh 12 s3n pham clia mét day chuyén san xuit, ngudi k§ su kiém tra chit
luong tinh dugc s = 0, 3. Biét ring néu d6 bién déng clia cic san ph§7m I6n hon 0,2 thi
day chuyén san xult phai diing lai d€ diéu chinh. Vi miic v nghia 5%, ngudi k§ su cé
két luan gi?

Bai lam:

@ X I3 dudng kinh san pham, EX = p , VX = o2
Cip gia thuyét: Hy : 0% = 03 va Hy : 0% > 0§ (v6i 09 = 0,2)

e 20 kidm di (n—1)s® 2 4 .
@ Chon tiéu chuan kiém dinh: | Z = ~——— ~ x"(n — 1) | néu Ho ding
90
—1)s*  11.0,3
Gia tri quan sat k = @ = s = 0,02’23 = 24,75

@ Véi a = 0,05, mién bac bé Hy:
Wa = (Xi—l;l—a; +00) = (X%1;0,95; +00) = (19, 6752; +-00)

o Do k E W nen ta bic bd Hp va chip nhan H;. Nghia |3 day chuyén cin diéu

dn hon mudc cho phéb.
Théng ké - Kiém dinh gia thuyét Ha N&i, thing 8 nam 2014 18 / 32
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TR RUET  Kiém dinh cho ky vong

1
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TR RUE T Kiém dinh cho ky vong

Kiém dinh gid thuyét cho ky vong

Bai toan

@ Cho hai bién ngiu nhién X c6 EX = pu1,VX =02 vaY c6 EY = o, VY = 03.
M3u cu thé cta X 13 (z1,22,...,2Zn, ), cla Y 13 (Y1, Y2, .. Yno )-
Cha y: Néu ¢ m3u nhd thi ta phai thém gid thuyét bién ngdu nhién gbc tuan
theo phan phéi CHUAN.

@ Bai toan dit ra 13 ta cin so sanh gia tri ky vong i1 Vi puo.

Gia thuyét Hy H1 = U2 Ju31 < [7%) J751 > 2
Doi thuyét H, 1 7# pe || g > pe || e < pe

@ Tuy nhién do gia thuyét luén cé ddu "=" nén ngudi ta chi can viét giad thuyét
Ho : p1 = pe

u
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TR RUET  Kiém dinh cho ky vong

Kiém dinh cho ky vong - o2, o2 da biét

Trudng hdp 1: 02,02 da biét

@ Chon tiéu chuan kiém dinh:
X —Y — (g1 — po)

Z = ~ N(0;1) | néu giad thuyét Hy ding thi pq — e = 0.
2 2
01 02
- _|_ =
n1 )

@ T miu cu thé (1,22, .., Tny ), (Y1,Y2, ..., Yny ), ta tinh dugc gid tri quan sat:

r—Y
k= 2 2

01 02

n1 n2

@ Mién bac bd H, dugc xac dinh cho 3 truong hgp nhu sau:

Hp H, Mién bac bé Hy : W,
pr=p2 | p1 # pe | (—00;—ui—g) U (u1-g;+00)
| =p2 [ pa > p2 | (u1—a;+00) |
| M1 = W2 | p1 < p2 | (—00; —u1-a) |

v
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TR RUE T Kiém dinh cho ky vong
Kiém dinh cho ky vong - 07,03 chua biét

Trudng hop 2: 02,02 chua biét

@ Chon tiéu chuin kiém dinh:

7 = X_Y_(“l_MQ) Nt(n1+n2—2)
\/(m —1)s? + (n2 —1)s§(i+i
ni +ng — 2 ni n2

néu gia thuyét Hy ding thi ui — pe = 0.
@ T m3u cu thé (1,22, ., Tny ), (Y1,Y2, ..., Yn, ), ta tinh dugc gid tri quan sat:
k= Ty
\/(nl —1si 4+ (ne—1)s3, 1 i 1

ni +ng —2 (n_l no

@ Mién bac bd H, dugc xac dinh cho 3 truong hgp nhu sau:

/ s i 2N | AWAY
L& Xuin Ly (SAMI-HUST) Théng ké - Kiém dinh gia thuyét Ha N&i, thing 8 nam 2014

Ho H, Mién bac bd Hy : W,
L =p2 [ #p2 | (oo —t(ni+n2 =21 = $)U (i +n2 —2;1 = §);+00) |
[ =2 | pa > pa | (t(n1 +n2 — 2,1 — a); +00) |
1
22 / 32

TR RUET  Kiém dinh cho ky vong
Kiém dinh cho ky vong - 07,03 chua biét

Cha y: 07,02 chua biét, ni,ns 16n
@ Chon tiéu chuin kiém dinh:

XY — (- , ,
Z = 5 (b 5 ) ~ N(0;1) | néu gid thuyét Hy didng thi 1 — u2 = 0.

T—y
k =

) 7

S1 S2

__|__

1 »)

@ Mién bac bd H, dugc xac dinh cho 3 truong hgp nhu sau:

Hy H, Mién bac boé Hy : W,
pr=p2 | p1 # p2 | (—o0;—ui_g)Uu;_a;+00)
| =p2 | 1> p2 | (u1—a; +00) |
=2 | pa < po | (=005 —u1-a) |
4
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TR RUE T Kiém dinh cho ky vong

Kiém dinh 2 m3u cho ky vong

Vi du

Kh3o sat diém thi mén Xac sult théng ké cla sinh vién 2 18p A, B ta cé két qua:

efrusng A:n =64, =7,32,s1 = 1,09
eTruong B: n =68,7 =7,66,s1 = 1,12

V&i miic y nghia 1% c6 thé két luan ring két qua thi cha I6p B cao hon cha 16p A hay

khong?
Sé\syll
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TR RUET  Kiém dinh cho ky vong
Kiém dinh 2 mau cho ky vong
Bai lam
@ Goi X,Y I3 diém thi mén XSTK cla I8p A, B tuong tng.
EX =, VX =0 va EY = o, VX = 03
Cap giad thuyét: Ho : p1 = po va Hy @ pr < 2
A & o8 o Y_ ? A 7
@ Chon tiéu chuan kiém dinh: Z = ——— ~ N(0;1) néu Ho ding.
S1 82
"7 35— 7,66
Gia tri quan sat k = = —31,43
V/l 092 1, 122
@ Véi a = 0,01, mién béc bd Ho:
Wa = (—00; —u1-a) = (—00; —ti0,99) = (—00; —2,33)
@ Do k£ € W, nén ta bic bé Hy va chép nhan H;. Nghia la két ludn 13 ding
|
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TR RUET  Kiém dinh 2 m3u cho ty 18

Kiém dinh 2 miu cho ty 18

Bai toan

Gia st p1, p2 tucng lng 13 ty 18 cic phan t& mang diu hiéu A ndo dé cla téng thé tha
nhit va tc“;ng thé thi hai.

M3u clia t8ng thé thit nhit: Thuc hién n, phép thir doc I1ap cung diéu kién, cé m phép
thir xdy ra su kién A.

M3u clia t8ng thé thir hai: Thuc hién ny phép thir doc 1ap cuing diéu kién, cé mso phép
thir xdy ra su kién A.

Cau hai: Hay so sanh p; véi po.

Cach giai quyét

@ Bai toan dit ra |3 ta can so sanh p; va pas.

Gia thuyét Ho || p1 =p2 || p1 <p2 || p1 > pe
Doi thuyéet Hy || p1 #p2 || p1 > p2 || p1 < D2

@ Tuy nhién do gia thuyét ludn c6é diu "=" nén ngudi ta chi can viét gia thuyét
Ho : p1 = po

L& Xuin Ly (SAMI-HUST) Théng ké - Kiém dinh gia thuyét Ha Néi, thdng 8 ndm 2014 26 / 32

TR UL Kiém dinh 2 m3u cho ty 18

Kiém dinh gia thuyét 2 miu cho ty 1é

Cach giai quyét

@ Chon tiéu chuin kiém dinh:

Z = S = 1;2 ="~ N(0;1) | néu giad thuyét Hy diing.
=1L L
YT =P+ )
, J1i— fo
@ Tu mau thu thap, ta tinh dugc gia tri quan sat: k = : :
FA=T)(+
n1 )
i fy = g2 5 mi+me _ nifi +nefo
n1 n2 ni + n2 ni + n2
@ Mién bic bd Hy ducc xac dinh cho 3 trudng hgp nhu sau:
Hy H, Mién bac bé Ho : W,
pr=p2 | pr#p2 | (—00;—u1_g)U (u1_g;+00)
| P1 = P2 | p1 > p2 | (U1—qa; +00) |
[p1i=p2 [ p1 <p2 | (—00; —u1-a) |
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TR RUET  Kiém dinh 2 m3u cho ty 18

Kiém dinh gia thuyét 2 miu cho ty 1é

Vi du

Kiém tra cic san ph§7m dudc chon ngiu nhién clia 2 nha may san xuit ta dugc sb liéu
sau:

e Nha may thir nhit: kiém tra 100 san phim c6 20 phé phgm.

e Nha mdy thi hai : kiém tra 120 san phim c6 36 phé phé‘;m.

Vi mic y nghia ae = 0,05 6 thé coi ty 18 ph& phim clia nha mdy thd ai cao hon cia
nha may thit nhat hay khéng?

Bai lam:

Goi p1,p2 1an luct 13 ty 18 ph& pham clia nha may thd nhit va thi hai.

n1 = 100, m1 = 20 va ne = 120, m2 = 36.

o Cip gia thuyét: Hy : p1 = p2 , Hi :p1 < p2

oVoi fr= Tl _ 0.2 fo= 2203 F="1T™2 _ 997 Gis trj quan st
k — fl — f1.2 1 — 9 - Yy 1 1 — 1’ 763
f(l—H(—+ — 227(1 — 0,227)(— + —
e V6i a = 0,05 ta c6 mién bac bd Hy :
Wo = (—00; —u1-a) = (—00; —u0,95) = (—00; —1,645)
e Do k£ € W, nén ta bidc bé Hy, chép nhan H;.
TS O e ké - Kiém dinh gia thuyét Ha Nai, thang 8 nim 2014 28 / 32

TR RUET  Kiém dinh 2 m3u cho phucng sai

Kiém dinh 2 miu cho phuong sai

Bai toan
@ Cho hai bién nglu nhién X c6 EX = 1, VX =03 vaY 6 EY =, VY = 03.
M3u cu thé cia X 13 (1,22, ..., Tny ), O Y 13 (Y1,Y2, ey Yno )-

@ Bai toan dit ra |13 ta can so sanh gia tri ky vong o3 véi o3.

Gid thuyét Hy || 0?2 =03 || 0?2 <03 || 0} > 02

Dbi thuyét H, ol # o3 || o > 03 ol < o3

@ Tuy nhién do gia thuyét ludn c6 diu "=" nén ngudi ta chi can viét gia thuyét

Hy : 02 = o2

o
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TR RUET  Kiém dinh 2 m3u cho phucng sai

Kiém dinh 2 m3u cho phuong sai

Cach lam
2 2
" 2R si.o
@ Tiéu chuan kiém dinh: | K = 2=
8200-1

néu gia thuyét Hy ding ta c6 K ~ F(n1 — 1,ne — 1).

2
@ Tir m3u cu thé (1,22, ... Tny )s (Y1, Y2, ... Yny ), SUY ra gid tri quan sat: k = z—;
2
@ Mién bac bd H, dugc xac dinh cho 3 trudng hgp nhu sau:
Hy H, Mién bac bé Hy : W,
|oi=03 |oi#03 | (0;F(mi—1;n2—1;5))U(F(n1 — 1m0 —1;1 = §);+00) |
|O’%=O‘§ |Uf>0§ | (F(n1—1;ne — 1;1 — a); +00) |
| oi = o5 | o} < 03 | (0; F(n1 — 1;n2 — 1)) |

v
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TR RUET  Kiém dinh 2 m3u cho phucng sai

kiém dinh cho phudng sai

Vi du

Hai mdy A, B cling gia céng mét loai chi tiét may. Ngudi ta mudn kiém tra xem hai may
c6 d6 chinh x4c nhu nhau hay khéng. D& 1am diéu dé ngudi ta tién hanh 15y m3u va thu
ducc két qua sau:

May A: 135 138 136 140 138 135 139

May B: 140 135 140 138 135 138 140

Vi mic y nghia 5% hay kiém tra xem 2 mdy cé d chinh x4c nhu nhau hay khéng? Biét
ring kich thudc clia chi tiét do may 1am ra tuin theo phan phdi chuin.

v

1
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TR RUET  Kiém dinh 2 m3u cho phucng sai

kiém dinh cho phudng sai

Vi du

@ Goi X,Y 13 dudng kinh chi tiét do may A va B lam ra
X ~ N(p1;01) vaY ~ N(ua2;03)
Cip gia thuyét: Hy : 03 = 05 va Hy : 03 # o3

2
@ Chon tiéu chuin kiém dinh: K = S—; ~ F(ny —1;ne — 1) néu Hy ding
=D
Vi m3u sb lidu ta c6 s? = 3,905; 52 =5

2
) ) 3,905
Gia tri quan sat k = S—; = - =0, 781
53

@ Véi a = 0,05, mién bic bd Hyp:
Wao = (—00; F(n1 —1;n2 — 1, 5)) U (F(n1 — L;n2 — 1;1 — §); 400)
Véi mic y nghia o = 0,05, n1 =nge =7 ta cé F(6;6;0,025) = 0,17 va
F(6;6;0,975) = 5,82
Wa = (0;0,17) U (5,82; +00)

@ Do k ¢ W, nén ta chép nhan Hy. Nghia I3 d6 chinh xdc cha 2 may |a nhu nhau.

v
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